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Abstract. We determine the Boltzmann–Grad limit of the Ehrenfest “wind-tree” model
with a periodic configuration of polyhedral scatterers. The central result is a loss-of-memory
effect in dimension d ≥ 3 for a generic choice of polyhedron. This yields a Markovian
limiting transport process on an extended state space and a generalised linear Boltzmann
equation for the time evolution of the particle density.

1. Introduction

The original wind-tree model, introduced by P. and T. Ehrenfest in their classic 1911
encyclopedia article on the conceptual foundations of statistical mechanics [EE11], describes
a cloud of non-interacting point particles in an array of identically oriented, congruent square
scatterers placed at random locations in the two-dimensional plane R2. It was designed
as a more accessible variant of the Lorentz gas [Lor05] (which has spherical scatterers),
given the simpler reflection law for the velocities. Gallavotti [Gal69] proved that in the
Boltzmann–Grad limit, the evolution of the particle density is described—in both models—by
the linear Boltzmann equation whose collision kernel is the appropriate differential scattering
cross section of the single scatterer. Subsequently, Gallavotti’s kinetic result was extended to
an intermediate kinetic-diffusive time-scale in [LT20, LT21] to prove invariance principles for
both models.

The objective of the present paper is to study the analogous question for the Ehrenfest
model in the periodic setting. We work in general dimension d ≥ 2, with scatterers located at
the points of a covolume-one Euclidean lattice L , and consider general polyhedral scatterers
P . We assume throughout that P ⊂ Rd is a bounded open convex polyhedron with 0 ∈ P and
vol(P) = 1. We will prove that, for d ≥ 3 and a “generic” polyhedron, the Boltzmann–Grad
limit is a Markovian random flight on an extended state space. Besides the usual phase
coordinates (Q,V ) ∈ T 1(Rd), the extended space retains the time ξ until the next collision
and the labelled impact parameter W = (ℓ, b). We refer to the billiard dynamics lifted to
this extended state space as the lifted Ehrenfest flow; note that a trajectory of the lifted flow
is fully determined by initial data in (Q,V ). The precise hypothesis on the polyhedron is
stated in Section 4 in terms of an L -nonresonance condition. This nonresonance mechanism
has no two-dimensional analogue (Remark 3).

The main result of this paper is the following.

Theorem 1. Let d ≥ 3, let L be a Euclidean lattice of covolume one, and let P ⊂ Rd

be as above and L -nonresonant. For random initial data (Q,V ) distributed according to
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an absolutely continuous probability measure, the lifted Ehrenfest flow converges under the
Boltzmann–Grad scaling in finite-dimensional distributions to a time-homogeneous Markov
process. The evolution of the lifted particle density f is given by the generalised linear
Boltzmann equation

(1.1)
(
∂t + V · ∇Q − ∂ξ

)
f(t, Q, V, ξ,W ) = [CPf ](t, Q, V, ξ,W )

where CP is the collision operator (8.7).

Perhaps surprisingly, the generalised Boltzmann equation for the periodic Ehrenfest model
with generic polyhedra is of the same type as the one found for the periodic Lorentz gas
[CG10, MS10, MS11, MS24]. As we will show, its collision term combines the polyhedron’s
scattering law with the free-path kernel.

The paper is organised as follows. Section 2 introduces the periodic Ehrenfest billiard,
including the impact and departure coordinates used throughout the paper. Section 3
recasts a single free flight as a first-point problem for an affine lattice. The geometric and
measure-theoretic properties of this construction yield the joint Boltzmann–Grad limit of
the first free path and its labelled impact parameter, valid in every dimension d ≥ 2.

The passage from one flight to a collision history requires simultaneous equidistribution of
the lattices obtained by unfolding the successive reflections. Section 4 therefore formulates a
lattice-relative nonresonance condition on the face reflections, proves that it is generic in both
the measure-theoretic and Baire-category senses when d ≥ 3, and explains the obstruction
in dimension d = 2. In Section 5, product equidistribution is combined with a recursive
first-point construction to obtain the impact-resolved law of every fixed finite collision record.
The factorisation of this law is the loss-of-memory mechanism behind the limiting dynamics.

Section 6 pushes the impact-resolved law forward to velocity and segment variables. In
particular, it records the differential scattering cross section of a polyhedron and explains
why discarding the impact coordinate does not in general give a closed Markov description.
Section 7 then passes from a fixed number of collisions to macroscopic continuous time,
proving finite-dimensional convergence and excluding explosion of the limiting flight process.
Finally, Section 8 constructs the extended Markov process and proves the full convergence
statement. The Kolmogorov forward equation for the process yields the generalised Boltzmann
equation (1.1). This completes the proof of Theorem 1.
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2. The dynamical setting

Let d ≥ 2, let Sd−1
1 = {v ∈ Rd : ∥v∥ = 1}, and fix a covolume-one Euclidean lattice

L = ZdM0, with M0 ∈ SL(d,R). All vectors are represented as row vectors. Define the
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regular boundary of the polyhedron P as a labelled disjoint union

∂∗P =

s⊔
ℓ=1

Fℓ,

where F1, . . . , Fs are the relative interiors of the codimension-one faces (or facets) of P and
nℓ is the outward unit normal to Fℓ. Write dAℓ for (d− 1)-dimensional Euclidean measure
on Fℓ.

For ρ > 0 define the open obstacle set and the completed billiard domain by

Oρ =
⋃

m∈L

(m+ ρP), Kρ = Rd \ Oρ.

We take ρ small enough that these obstacles are disjoint, and write T 1(Kρ) for the usual
completed billiard phase space. At a regular collision with Fℓ, specular reflection sends the
incoming velocity v to

vRℓ = v − 2(v · nℓ)nℓ,
where Rℓ = I − 2 tnℓnℓ. Billiard trajectories and the corresponding initial data (qin, v0) are
regular if they encounter only regular collisions. To define the billiard dynamics for all initial
data, we agree that trajectories terminate when they hit a lower-dimensional face or graze a
face. The initial data leading to such trajectories form a Liouville-null set and, as we shall
see, do not affect the Boltzmann–Grad limit.

For regular initial data (qin, v0), let tj be the collision times, τj = tj − tj−1 the free-flight
times, qj the collision points, and vj the post-collision velocities. We also put t0 = 0. For an
initial free phase point (q, v) we write

τ1(q, v; ρ) = inf{t > 0 : q + tv ∈ ∂Oρ},

with inf ∅ = ∞. If the jth collision is at the point qj ∈ mj + ρFℓj , set

x
(ρ)
j = ρ−1(qj −mj) ∈ Fℓj , vj = vj−1Rℓj .

If τj = ∞, or if the dynamics for nonregular initial data terminates at time tj , we formally
declare all subsequent flight times, collision points, and velocities undefined.

Let e1 = (1, 0, . . . , 0). Fix a measurable map K : Sd−1
1 → SO(d), smooth away from one

direction vs, such that
vK(v) = e1.

For an explicit construction, see [MS10]. Let ω denote the uniform probability measure on
Sd−1
1 , put E = e⊥1 , and write π⊥ and volE for orthogonal projection and Lebesgue measure

on E. For v ∈ Sd−1
1 define the projected shadow and the impact shadow by

Cv = π⊥
(
PK(v)

)
, Bv = −Cv ⊂ E.

The sign in Bv = −Cv is a coordinate convention. Put

AP = sup
v∈Sd−1

1

volE(Bv) <∞.

The family {Bv} has compact closure in the Hausdorff topology, with inradii uniformly
bounded below and outradii uniformly bounded above. For b ∈ Bv define

t−v (b) = inf{t ∈ R : te1 − b ∈ PK(v)}, x−v (b) =
(
t−v (b)e1 − b

)
K(v)−1.
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If x−v (b) lies in the regular incoming boundary

∂−P(v) =
⊔

v·nℓ<0

Fℓ

it determines a unique face label ℓ−v (b) ∈ {1, . . . , s}; on the remaining null set of b, extend
ℓ−v (b) measurably by choosing the least index among the adjacent incoming faces. In this
way, the face cells

Bv,ℓ = {b ∈ Bv : ℓ−v (b) = ℓ}
partition Bv. Define the impact space at velocity v by

Bv =
s⊔

ℓ=1

({ℓ} ×Bv,ℓ).

Then W = (ℓ, b) ∈ Bv is the labelled impact parameter. For regular b, it represents the point
x−v (b) ∈ Fℓ; on the null cell boundaries, ℓ is the measurable tie-breaking label as specified
above. The global impact bundle

B = {(v,W ) : v ∈ Sd−1
1 , W ∈ Bv}

is given the Borel structure and cellwise topology inherited from Sd−1
1 × {1, . . . , s} × E.

If a particle with velocity v has next impact parameter b, define

R(v, b) = vRℓ−v (b),

Z(v, b) = π⊥
(
x−v (b)K(R(v, b))

)
.

If b ∈ Bv,ℓ is a regular impact and u = vRℓ, then Z(v, b) ∈ π⊥(FℓK(u)). Modulo the null
cell boundaries, the facewise map

Bv,ℓ −→ π⊥(FℓK(u)), b 7−→ Z(v, b),

is measure preserving: the source and target are projections of the same face and, since
u · nℓ = −v · nℓ, their flux measures are (−v · nℓ)dAℓ. For a regular collision record we
therefore put

(2.1) ξ
(ρ)
j = ρd−1τj , b

(ρ)
j = −π⊥

(
x
(ρ)
j K(vj−1)

)
, W

(ρ)
j = (ℓj , b

(ρ)
j ), z

(ρ)
j = Z(vj−1, b

(ρ)
j ).

Figure 1 summarises these coordinates.
Similarly, for z ∈ Cv put

t+v (z) = sup{t ∈ R : te1 + z ∈ PK(v)}, x+v (z) = (t+v (z)e1 + z)K(v)−1.

For almost every z, this point lies in the regular outgoing boundary

∂+P(v) =
⊔

v·nℓ>0

Fℓ.

Furthermore, define
Cv,ℓ = {z ∈ Cv : x+v (z) ∈ Fℓ}.

Thus, modulo the null cell boundaries, the target of the preceding facewise map is Cu,ℓ, and
b and z are the incoming impact and outgoing departure parameters. Our sign convention
gives the terminal lattice point y = ξe1 + b+ z, cf. Figure 2.

The projected measures are the billiard flux measures. Namely,

(2.2) db = (−v · nℓ) dAℓ(x), x ∈ Fℓ, v · nℓ < 0,
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Figure 1. A planar section of one regular collision in physical coordinates
and in the two straightened charts. Every panel shows the same polygonal
section, collision point, and velocity pair, rotated together. In the incoming
chart vK(v) = e1, and the dotted segment projects xK(v) orthogonally onto
E, giving −b. In the outgoing chart uK(u) = e1, and the corresponding
projection gives z.

and on a regular outgoing face,

(2.3) dz = (v · nℓ) dAℓ(x), x ∈ Fℓ, v · nℓ > 0.

3. Limit law for the first collision

We now adapt the first-collision construction of [MS10, Sections 4 and 7]. Put

ASL(d,R) = SL(d,R)⋉Rd, ASL(d,Z) = SL(d,Z)⋉ Zd,

with multiplication law (M1, η1)(M2, η2) = (M1M2, η1M2 + η2), and define

X = ASL(d,Z)\ASL(d,R), Xq = Γ(q)\SL(d,R),

where Γ(q) = {γ ∈ SL(d,Z) : γ ≡ I (mod q)}. If α ∈ Qd, let qα be its least positive
denominator and put Xα = Xqα ; for α ∈ Rd \ Qd, put Xα = X. Write µα for Haar
probability measure on Xα. The affine lattice, as a point set, represented by g ∈ Xα is

Λα(g) =

{
(Zd + α)M, g = Γ(qα)M ∈ Xqα , α ∈ q−1

α Zd,

ZdM + η, g = ASL(d,Z)(M,η) ∈ X, α /∈ Qd.

Write Xα(y) = {g : y ∈ Λα(g)} and ν
(α)
y for the disintegrated probability measure on this

fibre; see [MS10, Section 7].
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Zv(0, ξ) + z
z +Bv

z

b

0

y = ξe1 + b+ z

x1 = ξ

e1
ξ

Figure 2. A planar schematic of the collision tube. The black dots represent
the rotated and stretched lattice. The source centre 0 lies on the left end
section and is joined by the vector z to the dotted longitudinal reference line.
The terminal centre y lies on the right end section x1 = ξ, with terminal
impact parameter b.

Let B ⊂ E be a bounded open convex set with nonempty interior and Lebesgue-null
boundary. For c1 < c2 write

ZB(c1, c2) = {x1e1 + u : c1 < x1 < c2, u ∈ B}.

For ξ > 0, b ∈ B, and z ∈ E, put y = ξe1 + b+ z and define

(3.1) Φα,B(ξ, b, z) = ν(α)y ({g ∈ Xα(y) : Λα(g) ∩ (ZB(0, ξ) + z) = ∅}) .

If we set B = Bv, we obtain the collision tube Zv(c1, c2) := ZBv(c1, c2) and kernel
Φα,v(ξ, b, z) := Φα,Bv(ξ, b, z). Here z is the departure parameter, b the terminal impact
parameter, and y the transformed centre of the terminal scatterer. Figure 2 depicts the
collision-to-collision case α = 0. The source centre 0 and terminal centre y lie on the two
end sections of the tube.

Lemma 1. (i) Given any z ∈ E, for µα-almost every g, the set Λα(g) ∩ (ZB(0,∞) + z) has
a unique point with least positive first coordinate; write it as yB(g) = ξB(g)e1 + bB(g) + z.

(ii) For z ∈ E and every Borel set A ⊂ R>0 ×B,

(3.2) µα{g : (ξB(g), bB(g)) ∈ A} =

∫
A
Φα,B(ξ, b, z) dξ db.

(iii) For z ∈ E,

(3.3)
∫ ∞

0

∫
B
Φα,B(ξ, b, z) db dξ = 1.

(iv) The map (ξ, b, z) 7→ Φα,B(ξ, b, z) is Borel measurable.
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Proof. For a bounded Borel set A ⊂ R>0 ×B, bounded away from ξ = 0, put

Nfirst
A (g) =

∑
y=ξe1+b+z∈Λα(g)

(ξ,b)∈A

1{Λα(g) ∩ (ZB(0, ξ) + z) = ∅}.

Outside the set of terminal ties and tube boundary points this is the indicator of the event
that the first point has coordinates in A. Firstly, there are no tube boundary points almost
surely, by Siegel’s volume formula. To exclude ties, thicken the terminal hyperplane and
apply [MS10, Lemmas 7.12–7.13]; the resulting two-point bound tends to zero with the
thickness. The foliation formulas [MS10, Propositions 7.3 and 7.10] give∫

Nfirst
A (g) dµα(g) =

∫
A
ν
(α)
ξe1+b+z{g : Λα(g) ∩ (ZB(0, ξ) + z) = ∅} dξ db.(3.4)

This yields (3.2) for bounded test sets. The translated-cylinder bound of [MS10, Section 8.4],
applied to a ball contained in B, shows that the first point is finite almost surely. Hence we
obtain (3.2) for general Borel sets and (3.3). Finally, the incidence and avoidance conditions
are Borel, as is the kernel y 7→ ν

(α)
y ; hence Φα,B is Borel measurable. □

Define the Hausdorff distance between nonempty compact sets A,A′ ⊂ E by

dH(A,A
′) = max

{
sup
x∈A

dist(x,A′), sup
x′∈A′

dist(x′, A)

}
.

For bounded open convex sets we apply this distance to their closures. The inradius of B
is the supremal radius of a ball contained in B, and its outradius the infimal radius of an
origin-centred ball containing it.

Lemma 2. (i) For nonempty bounded open convex sets B,B′ ⊂ E, z, z′ ∈ E, and T <∞,

µα
{
g : Λα(g) ∩

[
(ZB(0, T ) + z)△ (ZB′(0, T ) + z′)

]
̸= ∅

}
≤ vol

(
(ZB(0, T ) + z)△ (ZB′(0, T ) + z′)

)
.(3.5)

(ii) If Bk → B in the Hausdorff topology and zk → z, the corresponding first-point laws
converge against every bounded continuous test function on R>0 ×E supported in 0 < ξ ≤ T .

(iii) If B ranges over a Hausdorff-compact convex family whose inradii are uniformly
bounded below by a positive constant and whose outradii are uniformly bounded above, and z
ranges over a compact subset of E, then the laws are uniformly tight; explicitly,

lim
T→∞

sup
B,z

µα{ξB > T} = 0.

Proof. Part (i) is Siegel’s formula applied to the symmetric difference. Coupling the two
first-point constructions on the same lattice gives (ii). Finally, every member of the family
contains a ball of uniformly positive radius, so the bound of [MS10, Section 8.4] gives (iii). □

Remark 1. Write O(E) and SO(E) for the orthogonal and orientation-preserving orthogonal
groups of the Euclidean space E. For O ∈ SO(E),

(3.6) Φα,BO(ξ, bO, zO) = Φα,B(ξ, b, z).

The same identity holds for O ∈ O(E) in the affine-Haar case and when α = 0. Right
multiplication by diag(1, O) proves the first assertion. When detO = −1, compose on the
left with any J ∈ GL(d,Z) of determinant −1; this proves the remaining cases.
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Apply Lemma 1 with B = Bv. Formula (3.1) can be viewed as the polyhedral analogue of
[MS10, Eq. (4.14)]. For α /∈ Qd the kernel is independent of α and z; we then write Φv(ξ, b).
Extended by zero for b /∈ Bv, the map (v, ξ, b, z) 7→ Φα,v(ξ, b, z) is Borel, as are its restrictions
to the face cells. Lemma 2 gives the required integrated continuity in v.

Fix a microscopic base point q⋆ ∈ Rd and let qρ,β(v) = q⋆ + ρβ(v), where β : Sd−1
1 → Rd

is continuous. When q⋆ ∈ L assume the admissibility condition

(3.7)
(
β(v) + R>0v

)
∩ P = ∅ (v ∈ Sd−1

1 );

this excludes an immediate return to the source scatterer. Let α be the chosen representative
of the class −q⋆M−1

0 + Zd, taking α = 0 when q⋆ ∈ L , and put

z0(v) = π⊥
(
β(v)K(v)

)
.

The family {Bv} has Hausdorff-compact closure with the required uniform inradius and
outradius bounds, while {z0(v)} has compact closure in E; hence Lemma 2(iii) applies. If
the flight starts on a scatterer, z0(v) is its departure parameter.

Let A1,ρ be the set of velocities for which the first collision exists and is regular. On this
set define

I1,ρ(v) =
(
ρd−1τ1(qρ,β(v), v; ρ), (v,W

(ρ)
1 )
)
∈ R>0 × B.

The following theorem identifies the limiting integrals of this quantity as ρ→ 0; taking G ≡ 1
also implies that λ(Ac

1,ρ) → 0.

Theorem 2. Let λ be a Borel probability measure on Sd−1
1 absolutely continuous with respect

to ω. Then, for every G ∈ Cb(R>0 × B),

lim
ρ→0

∫
A1,ρ

G
(
I1,ρ(v)

)
dλ(v)

=
s∑

ℓ=1

∫
Sd−1
1

∫ ∞

0

∫
Bv,ℓ

G(ξ, (v, (ℓ, b)))Φα,v(ξ, b, z0(v)) db dξ dλ(v).(3.8)

Proof. We follow [MS10, Theorem 4.4]. Write qρ,β(v) + τv = m + ρx, where m ∈ L is
the centre of the first scatterer and x ∈ ∂∗P is the local boundary point. Put ξ = ρd−1τ ,
b = −π⊥(xK(v)), and z = π⊥(β(v)K(v)). After applying

D(ρ) = diag(ρd−1, ρ−1, . . . , ρ−1),

the transformed centre set is

(L − q⋆)K(v)D(ρ) = (Zd + α)M0K(v)D(ρ).

The terminal centre satisfies the exact identity

(3.9) (m− q⋆)K(v)D(ρ) =
[
ξ + ρd(β(v)− x) · v

]
e1 + b+ z.

More generally, a transformed lattice point is the centre of an obstacle intersecting the open
flight segment precisely when it belongs to the region

(3.10) Cρ,v(ξ, z) :=
{
[s+ ρd(β(v)− p) · v]e1 + z − π⊥(pK(v)) : 0 < s < ξ, p ∈ P

}
.

Since β is bounded and P is bounded, there is a constant C such that, uniformly in v and
whenever ξ > 2Cρd,

Zv(Cρ
d, ξ − Cρd) + z ⊆ Cρ,v(ξ, z) ⊆ Zv(−Cρd, ξ + Cρd) + z.(3.11)
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If q⋆ ∈ L , we delete the zero vector; admissibility (3.7) excludes a return to the source
scatterer.

Now take G supported in ε ≤ ξ ≤ T and away from the face-cell boundaries. The
equidistribution and lattice-counting results of [MS10, Sections 5–6 and Theorem 3.9],
together with (3.11), give convergence of the transformed affine lattice. The first-point map
is continuous off the null set of ties and boundary points, and Lemma 1 identifies its limiting
law with Φα,v(ξ, b, z) dξ db. The grazing set is ω-null, and the cell boundaries have zero flux
measure. The discarded short flights have mass O(APε) by Siegel’s formula, while Lemma 2
controls the long flights. The preceding argument first gives convergence on the regular
truncated region. Apply it to continuous cutoffs increasing to one as ε→ 0, T → ∞, and the
neighbourhoods of the grazing and face-cell-boundary strata shrink. By (3.3), the limiting
cutoff integrals tend to one, and hence λ(Ac

1,ρ) → 0. The same estimates remove the cutoffs
for bounded continuous G, which proves (3.8). □

We will generalise Theorem 2 to n collisions in Theorem 4.

4. Arithmetic nonresonance of the faces

Assume throughout this section that d ≥ 3. For A ∈ GL(d,R), put

[A] = {cA : c ∈ R×} ∈ PGL(d,R) = GL(d,R)/(R×I).

Thus [A] ∈ PGL(d,Q) if some nonzero scalar multiple of A is rational. Two subgroups are
commensurable if their intersection has finite index in each. The commensurator of Γ ≤ G is

(4.1) CommG(Γ) = {g ∈ G : Γ and gΓg−1 are commensurable}.

For the integer special linear group,

(4.2) Sd = CommSL(d,R)
(
SL(d,Z)

)
=
{
cT ∈ SL(d,R) : T ∈ GL(d,Q), c ∈ R×} .

Thus, for A ∈ SL(d,R), A ∈ Sd if and only if [A] ∈ PGL(d,Q).
Let

Ws = ⟨a1, . . . , as | a2ℓ = e⟩ = Z2 ∗ · · · ∗ Z2

be the free product on the formal face involutions. A word is reduced if adjacent letters are
distinct. If w = ℓ1 · · · ℓr, put Rw = Rℓ1 · · ·Rℓr and |w| = r.

The labelled polyhedron P is called L -nonresonant if

(4.3) [M0RwM
−1
0 ] /∈ PGL(d,Q) for every nonempty reduced w ∈ Ws.

Replacing M0 by γM0, γ ∈ SL(d,Z), conjugates each class in (4.3) by a rational projective
class and does not affect the condition. The condition excludes parallel faces, since their two
reflections have product I, and makes the [Rℓ] generate the free product.

Let J = diag(−1, 1, . . . , 1). (In odd dimension one may equivalently use J = −I.)

Lemma 3. For a reduced word u put

M◦
u = J |u|M0Ru ∈ SL(d,R).

Then ZdM◦
u = ZdM0Ru, so M◦

u is an oriented basis of the unfolded lattice associated with u.
If P is L -nonresonant and u ̸= v, then the arithmetic lattices

Γu = (M◦
u)

−1 SL(d,Z)M◦
u , Γv = (M◦

v )
−1 SL(d,Z)M◦

v

are incommensurable.
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Proof. Let w be the reduced representative of uv−1 in Ws. Since u ̸= v, the word w is
nonempty. Since J has rational entries,

[(M◦
u)(M

◦
v )

−1] ∈ PGL(d,Q)

⇐⇒ [M0RuR
−1
v M−1

0 ] ∈ PGL(d,Q)

⇐⇒ [M0RwM
−1
0 ] ∈ PGL(d,Q).

The last condition is excluded by assumption (4.3). The relative matrix on the first line lies
in SL(d,R), so (4.2) shows that it is not in Sd. By [MS14, Lemma 8], this is equivalent to
incommensurability of Γu and Γv. □

We next justify the use of “generic” for an L -nonresonant polyhedron. An open realisation
stratum is a nonempty open subset U ⊂ (RPd−1)s such that, for every ([n1], . . . , [ns]) ∈ U ,
unit representatives nℓ and support numbers hℓ can be chosen so that

s⋂
ℓ=1

{x ∈ Rd : x · nℓ < hℓ}

is a bounded full-dimensional polyhedron of the fixed labelled combinatorial type.

Lemma 4. For every nonempty reduced word w ∈ Ws, the real-algebraic map

(4.4) Rw : (RPd−1)s −→ PGL(d,R), ([n1], . . . , [ns]) 7−→ [Rw]

is nonconstant on every nonempty open subset.

Proof. Write R([n]) for reflection in the hyperplane orthogonal to [n]. For a nonzero row
vector n,

[R([n])] = [(n tn)I − 2 tnn].

Hence (4.4) is real algebraic. If it were constant on an open set, the analytic identity principle
would make it constant on (RPd−1)s; write its value as [C]. Simultaneous rotation gives

[Q−1CQ] = [C] (Q ∈ SO(d)).

Thus Q−1CQ = c(Q)C for a continuous character c : SO(d) → R×. The Frobenius norm
gives c(Q) ∈ {−1, 1}, and connectedness of SO(d) gives c ≡ 1. The commutant of the
standard SO(d)-representation is scalar for d ≥ 3, so the constant value would be [I].

For d = 3, Dekker’s theorem [Dek59, Theorem 2], applied to s cyclic groups of order two,
gives rotations H1, . . . ,Hs ∈ SO(3), each of order two, for which aℓ 7→ Hℓ extends to an
injective homomorphism Ws → SO(3). Since Sℓ = −Hℓ is a reflection, for w = ℓ1 · · · ℓr put
Hw = Hℓ1 · · ·Hℓr and Sw = Sℓ1 · · ·Sℓr . Then

Sw = (−I3)rHw.

If Sw were scalar, then Hw = I3, contradicting injectivity.
For d > 3, put

S
(d)
ℓ = diag(Sℓ, Id−3).

The corresponding word product is S(d)
w = S

(d)
ℓ1

· · ·S(d)
ℓr

= diag(Sw, Id−3), which cannot be
scalar. Thus Rw is not identically [I], a contradiction. □

The following proposition shows that an L -nonresonant polyhedron is generic in both a
measure-theoretic and topological sense.
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Proposition 1. Fix d ≥ 3 and L = ZdM0. In every open realisation stratum U as above,
the L -nonresonant normal configurations form a conull dense Gδ subset of U .

Proof. The exceptional set is⋃
w∈Ws\{e}

⋃
C∈PGL(d,Q)

{
n ∈ U : [M0Rw(n)M

−1
0 ] = C

}
.

Both unions are countable. By Lemma 4, each fibre is a proper real-algebraic subset of U ,
hence closed, null and nowhere dense. The complement is therefore conull and a dense Gδ.
Adding support numbers and normalising the volume do not change the conclusion. □

Remark 2. For d = 3, Vorobets [Vor05, Theorem 4] proves generic faithfulness of the reflection
representation. Together with the analyticity and SO(3)-equivariance argument above, this
gives another proof of Lemma 4.

Remark 3. In d = 2, every orientation-reversing orthogonal matrix squares to the identity. If
a polygon has parallel faces, their two face reflections already have product I. Otherwise
choose three distinct face labels ℓ1, ℓ2, ℓ3; then (Rℓ1Rℓ2Rℓ3)

2 = I, while ℓ1ℓ2ℓ3ℓ1ℓ2ℓ3 is a
nonempty reduced word. This shows that our nonresonance condition (which we require to
hold for all reduced words) has no two-dimensional analogue.

5. Product equidistribution and higher-order collision laws

The diagonal flow compatible with the Boltzmann–Grad scaling is

At = diag(e−(d−1)t, et, . . . , et), D(ρ) = Alog(1/ρ).

We use the following velocity-dependent form of the product theorem from [MS14, Theorems 7
and 10]. Given translations α0, . . . , αN , we use the shorthand (Yj , ηj) = (Xαj , µαj ), with
(Xα, µα) defined in Section 3. Furthermore, put

ψα(M) =

{
ASL(d,Z)(I, α)(M, 0), α /∈ Qd,

Γ(qα)M, α ∈ Qd.

Matrices M0, . . . ,MN ∈ SL(d,R) are called pairwise incommensurable when the arithmetic
subgroups M−1

j SL(d,Z)Mj are pairwise incommensurable in the sense of (4.1).

Theorem 3. Let N ≥ 0 and let M0, . . . ,MN ∈ SL(d,R) be pairwise incommensurable. If λ
is a Borel probability measure absolutely continuous with respect to ω, and F : Sd−1

1 × Y0 ×
· · · × YN → R is bounded and continuous, then

lim
t→∞

∫
Sd−1
1

F
(
v, ψα0(M0K(v)At), . . . , ψαN (MNK(v)At)

)
dλ(v)

=

∫
Sd−1
1

∫
Y0×···×YN

F (v, g0, . . . , gN ) dη0(g0) · · · dηN (gN ) dλ(v).

Proof. For F independent of v, this is [MS14, Theorems 7 and 10]. The stated form follows
by a standard approximation argument; see, e.g., [MS10, Theorem 5.3]. □

Remark 4. Without the incommensurability condition, Shah’s theorem [Sha96, Theorem 1.4]
still gives an analogous convergence statement, but the limiting measure is generally not the
product measure displayed in Theorem 3.
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Fix ℓ = (ℓ1, . . . , ℓn) and put, for 0 ≤ j ≤ n− 1,

Pj = Rℓ1 · · ·Rℓj , vj = v0Pj , Kj(v0) = P−1
j K(v0).

Then vjKj(v0) = e1. The first transformed point set is (L − q⋆)K(v0)D(ρ); after the
jth collision, L − mj = L , and the next centres form LP−1

j K(v0)D(ρ). An SL(d,R)-
representative of this point set is M̃jK(v0)A

t, where

M̃0 =M0,

M̃j = J jM0Rℓj · · ·Rℓ1 = J jM0P
−1
j ∈ SL(d,R) (j ≥ 1).

Here J ensures the determinant of M̃j is one but does not change the point set. The first
factor has translation α, and the later factors have translation 0. Define

Ôj(v0) = Kj(v0)
−1K(vj) = diag(1, Oj(v0)), Oj(v0) ∈ O(E).

It fixes e1, commutes with At, and converts the transported frame to K(vj). Thus Ô0 = I
and

ZdM̃jK(v0)A
tÔj(v0) = LK(vj)A

t, detOj = (−1)j .

For j ≥ 1, Remark 1 applies even when detOj = −1.
We next define the collision-record space before constructing the recursive first-point map.

For n ≥ 1, let Ωn consist of the regular records

ϖ = (v0, ξ1, b1, . . . , ξn, bn), ξj > 0, bj ∈ Bvj−1 ,

with recursion

(5.1) ℓj = ℓ−vj−1
(bj), Wj = (ℓj , bj), vj = R(vj−1, bj), zj = Z(vj−1, bj).

Give Ωn the disjoint-union topology over its face words, and put

dσ
(n)
λ (ϖ) = dλ(v0)

n∏
j=1

dξj dbj .

A face word ℓ = (ℓ1, . . . , ℓn) is reduced if ℓj+1 ≠ ℓj for 1 ≤ j < n. Let Ωn(ℓ) be the word
component consisting of the records in Ωn with face word ℓ. Every record in Ωn has a
reduced face word: after a collision on face ℓj one has vj · nℓj > 0, so the next incoming face
cannot again be ℓj . For a reduced face word ℓ, let

Yℓ = Sd−1
1 ×Xα ×Xn−1

0

and write its elements as y = (v0, g0, . . . , gn−1). We construct a subset Dℓ ⊂ Yℓ recursively
as follows. Put α0 = α and αj = 0 for j ≥ 1, and define

(5.2) Λ◦
αj
(g) =

{
Λ0(g) \ {0}, αj = 0,

Λαj (g), αj ̸= 0.

Starting from z0 = z0(v0), for j = 0, . . . , n− 1 consider the set(
Λ◦
αj
(gj)Ôj(v0)

)
∩
(
Zvj (0,∞) + zj

)
.

If this set has no unique point with least positive first coordinate, then we cannot complete
the construction to obtain a point in Dℓ. If it does, denote that point by yj+1 and set

ξj+1 = yj+1 · e1, bj+1 = π⊥(yj+1)− zj .



LOSS OF MEMORY IN THE PERIODIC EHRENFEST MODEL 13

If a grazing velocity, a face-cell boundary point, or a face different from ℓj+1 occurs, the
construction again fails. If none of the above occurs, put zj+1 = Z(vj , bj+1) and continue.
Let Dℓ ⊂ Yℓ be the set of inputs for which this construction succeeds at all n stages, and let

Θℓ : Dℓ −→ Ωn(ℓ)

be the resulting record map. For G ∈ Cb(Ωn(ℓ)), define on the full input space

(5.3) HG
ℓ (y) =

{
G(Θℓ(y)), y ∈ Dℓ,

0, y /∈ Dℓ.

Lemma 5. The set Dℓ and the map Θℓ are Borel. For every probability measure λ absolutely
continuous with respect to ω and every G ∈ Cb(Ωn(ℓ)), the function HG

ℓ is continuous outside
a set Eℓ of ν-measure zero, where ν = λ⊗ µα ⊗ µ

⊗(n−1)
0 .

Proof. The exceptional configurations are those with a nonzero point on a tube boundary,
two points at the least longitudinal coordinate, a terminal point on a face-cell boundary, a
grazing velocity, no finite first coordinate, or vj = vs at some stage. Tube-boundary points are
null by Siegel’s first-moment formula, ties by the two-point estimate in the proof of Lemma 1,
face-cell boundaries and grazing velocities by the flux formula (2.2), and the absence of a
finite first point by Lemma 1(i). The chart-singular inputs are null because λ is absolutely
continuous. The distinguished zero vector has already been deleted in (5.2). The defining
incidence, avoidance, and cell-membership conditions are Borel. Away from the exceptional
configurations, local finiteness and the stability estimate (3.5) show inductively that success
or failure of the prescribed word is locally constant and that, on Dℓ, the extracted point
and all subsequent collision data vary continuously. This proves the asserted continuity of
HG

ℓ . □

Proposition 2. For every bounded Borel function G : Ωn(ℓ) → R,∫
Dℓ

G(Θℓ(v0, g0, . . . , gn−1)) dλ(v0)
n−1∏
j=0

dµαj (gj)

=

∫
Ωn(ℓ)

G(ϖ)Φα,v0(ξ1, b1, z0(v0))

n−1∏
j=1

Φ0,vj (ξj+1, bj+1, zj) dσ
(n)
λ (ϖ).(5.4)

Proof. Haar invariance and (3.6) reduce each factor to Lemma 1, whose conditional density
is

Φαj ,vj (ξj+1, bj+1, zj) dξj+1 dbj+1.

Successive conditioning and (3.4) give (5.4); the bounded Borel case follows by a monotone-
class argument. □

Define

(5.5) F (n)
α,β(ϖ) = Φα,v0(ξ1, b1, z0(v0))

n−1∏
j=1

Φ0,vj (ξj+1, bj+1, zj).

By (3.3), these are probability densities, and they are consistent since∫ ∞

0

∫
Bvn

F (n+1)
α,β dbn+1 dξn+1 = F (n)

α,β.

The Ionescu–Tulcea theorem therefore yields the corresponding law on infinite records.
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Now put t = log(1/ρ) and

gj,ρ(v0) = ψαj

(
M̃jK(v0)A

t
)
,

ιℓ,ρ(v0) =
(
v0, g0,ρ(v0), . . . , gn−1,ρ(v0)

)
∈ Yℓ.

We construct Dℓ,ρ ⊂ Yℓ recursively in the same way as Dℓ above. We now use the point
sets Λ◦

αj
(gj)Ôj(v0) and set x0 = β(v0). For j = 0, . . . , n− 1, put xj = x−vj−1

(bj) when j ≥ 1,
and in factor j use the collision region

Cρ,j(ξ, zj) =
{
[s+ ρd(xj − p) · vj ]e1 + zj − π⊥(pK(vj)) :

0 < s < ξ, p ∈ P
}
.(5.6)

The first physical contact time is

ξj+1 = inf
{
ξ > 0 : (Λ◦

αj
(gj)Ôj(v0)) ∩ Cρ,j(ξ, zj) ̸= ∅

}
.

If a unique centre yj+1 belongs to Cρ,j(η, zj) for every η > ξj+1 sufficiently close to ξj+1 and
gives a regular collision on the prescribed face, put

bj+1 = π⊥(yj+1)− zj , xj+1 = x−vj (bj+1), zj+1 = Z(vj , bj+1),

and continue. The inputs for which all n stages succeed form Dℓ,ρ. This set and the resulting
map are Borel by the same incidence-and-avoidance argument as in Lemma 5. Let

Θℓ,ρ : Dℓ,ρ −→ Ωn(ℓ)

be the resulting record map.
For fixed n, let An,ρ be the event that the first n collisions exist and are regular. On this

event define the physical record

ϖ(ρ)
n =

(
v0, ξ

(ρ)
1 , b

(ρ)
1 , . . . , ξ(ρ)n , b(ρ)n

)
∈ Ωn.

The following theorem identifies the limit distribution of this record; taking G ≡ 1 also
implies that λ(Ac

n,ρ) → 0.

Theorem 4. Let d ≥ 3, let P be L -nonresonant, and let qρ,β(v) and λ be as in Theorem 2.
Then, for every G ∈ Cb(Ωn),

(5.7) lim
ρ→0

∫
An,ρ

G
(
ϖ(ρ)

n

)
dλ(v0) =

∫
Ωn

G(ϖ)F (n)
α,β(ϖ) dσ

(n)
λ (ϖ).

Proof. Fix a reduced face word ℓ = (ℓ1, . . . , ℓn), which records the faces in chronological
order. Set u0 = e; after j collisions, the corresponding unfolded group word is uj = ℓj · · · ℓ1
for 1 ≤ j ≤ n − 1. Since ℓ is reduced, the words u0, . . . , un−1 are distinct, and uj is
reduced for every 1 ≤ j ≤ n− 1. Since M̃j =M◦

uj
, Lemma 3 says that the M̃j are pairwise

incommensurable. Let ν = λ ⊗ µα ⊗ µ
⊗(n−1)
0 and νℓ,ρ = (ιℓ,ρ)∗λ. By Theorem 3, we have

the weak convergence

(5.8) νℓ,ρ ⇒ ν on Yℓ.

For j = 0, (5.6) is (3.10). For j ≥ 1, we have

(mj+1 −mj)K(vj)D(ρ) =
[
ξj+1 + ρd(xj − xj+1) · vj

]
e1 + bj+1 + zj .

Moreover, ιℓ,ρ(v0) ∈ Dℓ,ρ precisely when the first n collisions exist, are regular, and have face
word ℓ; on this set Θℓ,ρ(ιℓ,ρ(v0)) is the physical record for each ρ > 0.
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For G ∈ Cb(Ωn(ℓ)), define

HG
ℓ,ρ(y) =

{
G(Θℓ,ρ(y)), y ∈ Dℓ,ρ,

0, y /∈ Dℓ,ρ.

The tube sandwich (3.11), first-point stability (3.5), and the O(ρd) correction in (5.6) show
inductively that, if ρk → 0, yk → y, and y /∈ Eℓ (where Eℓ is the ν-null set defined in
Lemma 5), then 1Dℓ,ρk

(yk) = 1Dℓ
(y) for all sufficiently large k, and, when y ∈ Dℓ,

Θℓ,ρk(yk) −→ Θℓ(y).

In particular, this implies

(5.9) HG
ℓ,ρk

(yk) −→ HG
ℓ (y).

Since ∥HG
ℓ,ρ∥∞ ≤ ∥G∥∞, the extended continuous mapping theorem for varying functions,

applied to (5.8) and (5.9), now gives

lim
ρ→0

∫
HG

ℓ,ρ(ιℓ,ρ(v0)) dλ(v0) =

∫
Yℓ

HG
ℓ (y) dν(y)

=

∫
Ωn(ℓ)

G(ϖ)F (n)
α,β(ϖ) dσ

(n)
λ (ϖ),(5.10)

where the last identity is Proposition 2.
First take G ≡ 1 in (5.10) and sum over the finitely many reduced face words. The

successful finite-ρ events associated with these words partition An,ρ, while (3.3) makes the
limiting word probabilities sum to one. Hence λ(Ac

n,ρ) → 0. For general G ∈ Cb(Ωn), apply
(5.10) to the restriction of G to each word component Ωn(ℓ) and sum over the finitely many
reduced face words. This gives (5.7). □

Remark 5. In principle, it should be possible to prove an analogue of Theorem 4 for polyhedra
that are not L -nonresonant, in any dimension d ≥ 2. As noted in Remark 4, the limiting
measure would then no longer be a product measure, leading to persistent memory effects in
the limiting random flight process. In the related setting of periodic slit barriers, this was
carried out in [BKMP11, Theorems 3(1) and 9].

6. Velocity and segment laws

For z ∈ E, define

aα,ℓ(v, z; ξ) =

∫
Bv,ℓ

Φα,v(ξ, b, z) db.

In view of (2.2),

aα,ℓ(v, z; ξ) =


∫
Fℓ

Φα,v

(
ξ,−π⊥(xK(v)), z

)
(−v · nℓ) dAℓ(x), v · nℓ < 0,

0, v · nℓ ≥ 0.

The one-flight velocity kernel is the probability kernel

(6.1) pα,z(v; dξ, du) = dξ
∑

ℓ:v·nℓ<0

aα,ℓ(v, z; ξ) δvRℓ
(du).
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In distribution notation,

pα,z(v, ξ, u) =
∑

ℓ:v·nℓ<0

aα,ℓ(v, z; ξ) δvRℓ
(u).

Write (a)+ = max{a, 0} and put |Fℓ| =
∫
Fℓ
dAℓ. The geometric differential scattering cross

section is the finite measure

Σv(du) =
s∑

ℓ=1

|Fℓ|(−v · nℓ)+δvRℓ
(du).

Boundary strata and grazing faces are flux-null.
Let

Vn : Ωn −→ Sd−1
1 × (R>0 × Sd−1

1 )n,

Vn(ϖ) = (v0, ξ1, v1, . . . , ξn, vn),

where the velocities are generated by (5.1). The flight-length/velocity limit is the Borel
probability measure

(6.2) P̂(n)
α,β = (Vn)∗

(
F (n)
α,βσ

(n)
λ

)
.

Define
Sn : Ωn −→ (Rd \ {0})n, Sn(ϖ) = (ξ1v0, ξ2v1, . . . , ξnvn−1),

and the limiting segment law is

(6.3) P(n)
α,β = (Sn)∗

(
F (n)
α,βσ

(n)
λ

)
.

Thus, for a bounded continuous test function G,∫
GdP(n)

α,β =

∫
Ωn

G(ξ1v0, . . . , ξnvn−1)F (n)
α,β dσ

(n)
λ .

On An,ρ, the images Vn(ϖ
(ρ)
n ) and Sn(ϖ

(ρ)
n ) are precisely the physical flight-length/velocity

and rescaled-segment tuples.

Corollary 1. Under the assumptions of Theorem 4, for every

G ∈ Cb

(
Sd−1
1 × (R>0 × Sd−1

1 )n
)
, H ∈ Cb

(
(Rd \ {0})n

)
,

we have

lim
ρ→0

∫
An,ρ

G
(
Vn(ϖ

(ρ)
n )
)
dλ(v0) =

∫
GdP̂(n)

α,β,

lim
ρ→0

∫
An,ρ

H
(
Sn(ϖ

(ρ)
n )
)
dλ(v0) =

∫
H dP(n)

α,β.

Proof. The maps Vn and Sn are continuous in the disjoint-word topology of Ωn. Hence G◦Vn

and H ◦ Sn belong to Cb(Ωn), and the assertions follow from Theorem 4 and the definitions
(6.2) and (6.3). □

For a fixed face word and n ≥ 2, the segment map factors through the embedding

(v0, ξ1, . . . , ξn) 7−→ (ξ1v0, . . . , ξnvn−1)

of a (d−1)+n-dimensional manifold into an nd-dimensional space: the first segment recovers
(v0, ξ1), and the word determines the later velocities. Its image has codimension (n−1)(d−1)
and is Lebesgue null. Since there are finitely many words, (6.3) is singular for n ≥ 2.
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Since the next-flight kernel generally depends on the departure parameter zj as well as on
vj , the velocity projection alone need not be Markov, although (6.2) still determines all its
finite-dimensional distributions.

7. Macroscopic limit and continuous-time flight

Put ε = ρd−1 and
Yρ = T 1(εKρ),

where T 1 denotes the completed billiard phase space defined in Section 2. Away from its
boundary it is (εK◦

ρ)× Sd−1
1 . For (Q,V ) ∈ Yρ whose microscopic trajectory is defined up to

time ρ−(d−1)t, set

(7.1) Ft,ρ(Q,V ) =
(
ρd−1q(ρ−(d−1)t), v(ρ−(d−1)t)

)
.

Here (q(s), v(s)) is the microscopic billiard trajectory with q(0) = ρ−(d−1)Q and v(0) = V .
Extend Ft,ρ in any fixed measurable fashion on the Liouville-null set where that trajectory
has terminated at a nonregular collision before this time. Let

(7.2) µin(dQ, dV ) = fin(Q,V ) dQdω(V )

be an absolutely continuous probability measure. Since the obstacle volume fraction is
ρd vol(P), we have µin(Yc

ρ) → 0. Averaging over Q puts the first affine-lattice factor in the
universal regime. Define the macroscopic impact-resolved measure on Rd×Ωn by the density
below, writing Q0 for the initial macroscopic position:

(7.3) fin(Q0, v0)Φv0(ξ1, b1)

n−1∏
j=1

Φ0,vj (ξj+1, bj+1, zj)

with respect to

dQ0 dω(v0)
n∏

j=1

dξj dbj .

For fixed n, let Amac
n,ρ ⊂ Yρ be the set of initial points for which the first n collisions exist

and are regular. On this set, let Rn,ρ(Q,V ) be the impact-resolved tuple

(V, ξ
(ρ)
1 , b

(ρ)
1 , . . . , ξ(ρ)n , b(ρ)n ) ∈ Ωn.

We will see below that µin(Yρ \ Amac
n,ρ ) = 0 for every sufficiently small ρ > 0.

Theorem 5. Let d ≥ 3, let P be L -nonresonant, and let µin be as in (7.2). Then, for every
G ∈ Cb(Rd × Ωn),

lim
ρ→0

∫
Amac

n,ρ

G
(
Q,Rn,ρ(Q,V )

)
fin(Q,V ) dQdω(V )

=

∫
Rd×Ωn

G(Q0, ϖ)fin(Q0, v0)Φv0(ξ1, b1)(7.4)

×
n−1∏
j=1

Φ0,vj (ξj+1, bj+1, zj) dQ0 dω(v0)
n∏

j=1

dξj dbj .(7.5)

Note that the limit is independent of M0 except through the nonresonance hypothesis.
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Proof. We use the fundamental-domain reduction of [MS11, Section 4.5]. Let F be a bounded
fundamental cell of L and write the microscopic initial point as m+ r, with m ∈ L and
r ∈ F . First take fin continuous and compactly supported and insert an auxiliary compact
cutoff in the full record variable ϖ. The spatial weight is

(7.6) εd
∑
m∈L

G
(
ε(m+ r), ϖ

)
fin
(
ε(m+ r), v0

)
.

As ε→ 0, this Riemann sum converges uniformly in r, v0, and ϖ on compacta, to∫
Rd

G(Q,ϖ)fin(Q, v0) dQ.

The collision record depends on (r, v0) but not on m, and the excluded part of F has volume
O(ρd).

At fixed ρ, grazing contacts and contacts with lower-dimensional face strata form a null set
for billiard flux measure. Infinite flights are also flux-null: unless the velocity is orthogonal
to a nonzero vector of the dual lattice, its forward linear orbit modulo L is dense and
hence enters the open obstacle. The exceptional velocities form a countable union of great
subspheres. The regular collision map preserves flux measure, while Liouville measure in
free-flight coordinates is flux measure times flight time. Finite iteration therefore gives
µin(Yρ \ Amac

n,ρ ) = 0, since µin is absolutely continuous with respect to dQdω.
For almost every r, −rM−1

0 /∈ Qd. Apply Theorem 4 with β = 0 and dominated
convergence in r. The first factor is Φv0 and the later, lattice-centred factors are Φ0,vj .
Equation (7.6) now gives (7.5). Tightness and continuity-set approximation remove the
auxiliary record cutoff; L1 approximation then yields the claim for general fin. □

Let T0 = 0 and Tn = ξ1 + · · ·+ ξn. For Tj ≤ t < Tj+1 define

Ξ(t) =

(
Q0 +

j∑
k=1

ξkvk−1 + (t− Tj)vj , vj

)
.

The impact-extended process will be defined in the next section.
Let Pin denote the path law determined by (7.3). Since 0 ≤ Φα,v ≤ 1, integration over the

simplex ξ1 + · · ·+ ξn ≤ T gives the uniform collision-count bound

(7.7) Pin(Tn ≤ T ) ≤ (APT )
n

n!
.

In particular, the limiting flight almost surely has only finitely many collisions in every
bounded time interval.

Corollary 2. Let d ≥ 3, let P be L -nonresonant, and let µin be as in (7.2). For any
t1, . . . , tM ∈ R≥0 and any Borel sets D1, . . . , DM ⊂ Rd × Sd−1

1 with (dQdω)(∂Dj) = 0,
j = 1, . . . ,M , we have

lim
ρ→0

µin

{
(Q,V ) ∈ Yρ : Ftj ,ρ(Q,V ) ∈ Dj , j = 1, . . . ,M

}
= Pin

(
Ξ(tj) ∈ Dj , j = 1, . . . ,M

)
.

The convergence is uniform for (t1, . . . , tM ) in compact subsets of RM
≥0.

Proof. This is the counterpart of [MS11, Theorem 1.4]. We follow [MS11, Sections 5.1, 5.2
and 5.4], with Theorem 5 in place of the segment-limit theorem used there. Let nj be the
number of collisions before time tj and put N = maxj nj ; the first N + 1 flights determine
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the observed states. The hypersurfaces {Tk = tj}, the impact-cell boundaries, the grazing
records, and the exceptional chart direction are null.

For each fixed face word and fixed flight variables, the map from (Q0, v0) to an observed
position–velocity pair has absolute Jacobian one: the position is a translation of Q0, while
the observed velocity is v0 multiplied by a fixed orthogonal product of reflection matrices.
Thus every one-time marginal is absolutely continuous with respect to dQdω.

The collision-count truncation and time bracketing in [MS11] now apply, with geometric
factors bounded by AP . For each fixed N and T , Theorem 5, applied to the continuity event
TN ≤ T , transfers the finite-ρ collision-count tail to the limiting one. Equation (7.7) then
bounds this tail uniformly for T in compact intervals. Letting N → ∞, followed by the
standard tightness and L1 approximations, proves the claim. □

8. A continuous-time Markov process

Following [MS11, Section 6], we enlarge the state space by the remaining time and the
data of the next collision:

XP = {(Q,V, ξ,W ) : Q ∈ Rd, V ∈ Sd−1
1 , ξ ≥ 0, W ∈ BV }.

Here W = (ℓ, b) is the next labelled impact parameter. Write ℓ(W ) = ℓ and b(W ) = b, and
set

mV (dW ) =

s∑
ℓ=1

1BV,ℓ
(b) δℓ(dℓ) db, W = (ℓ, b),

so that the reference measure is

dσ1 = dQdω(V ) dξ mV (dW ).

Let T0 = 0 and Tn = ξ1 + · · ·+ ξn. If Tj ≤ t < Tj+1, define

(8.1) Ξ̂(t) =

(
Q0 +

j∑
k=1

ξkvk−1 + (t− Tj)vj , vj , Tj+1 − t, Wj+1

)
.

At the end of a flight with state (V,W ), W = (ℓ, b), put

V + = R(V, b) = V Rℓ, z+ = Z(V, b).

The new velocity, remaining time and labelled impact parameter have transition law

J((V,W ); dV ′ dξ′ dW ′) = δV +(dV ′) Φ0,V +

(
ξ′, b(W ′), z+

)
dξ′mV +(dW ′).(8.2)

The Borel property of the incidence and avoidance events in (3.1), together with disintegration,
shows that J is a Borel probability kernel. Hence Ξ̂ is a time-homogeneous Markov process.

More explicitly, from x = (Q,V, ξ,W ) the process follows (Q+tV, V, ξ−t,W ) for 0 ≤ t < ξ
and, at t = ξ, jumps at the collision position Q+ξV to a state (Q+ξV, V ′, ξ′,W ′) distributed
according to J((V,W ); dV ′ dξ′ dW ′). If ξ = 0, we keep the initial state at time zero and apply
the jump before every positive time. Iteration defines the process from every state. The
same simplex estimate as in (7.7), applied after the first jump and uniformly in the initial
state, shows that, almost surely, there are at most finitely many collisions in every bounded
time window.

Let Gρ ⊂ Yρ be the full-measure Borel set on which the next microscopic collision from
(ρ−(d−1)Q,V ) exists and is regular. If ℓ1 and x(ρ)1 are the face label and local boundary point
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of that collision, put

W
(ρ)
1 (Q,V ) =

(
ℓ1,−π⊥

(
x
(ρ)
1 K(V )

))
∈ BV .

Define

(8.3) Eρ(Q,V ) =
(
Q,V, ρd−1τ1

(
ρ−(d−1)Q,V ; ρ

)
,W

(ρ)
1 (Q,V )

)
for (Q,V ) ∈ Gρ and extend to a measurable map to all of Yρ.

Set F̂t,ρ = Eρ ◦ Ft,ρ. For the initial density in Section 7, define

flift(Q,V, ξ, (ℓ, b)) = fin(Q,V )ΦV (ξ, b), b ∈ BV,ℓ.

This is a probability density with respect to σ1. Let Pflift denote the law of (8.1) with this
initial density.

Theorem 6. Let d ≥ 3, let P be L -nonresonant, and let µin be as in (7.2). For any
t1, . . . , tM ∈ R≥0 and Borel sets D1, . . . ,DM ⊂ XP with σ1(∂Dj) = 0, j = 1, . . . ,M ,

lim
ρ→0

µin

{
(Q,V ) ∈ Yρ : F̂tj ,ρ(Q,V ) ∈ Dj , j = 1, . . . ,M

}
= Pflift

(
Ξ̂(tj) ∈ Dj , j = 1, . . . ,M

)
.

The convergence is uniform for (t1, . . . , tM ) in compact subsets of RM
≥0.

Proof. We follow [MS11, Section 6.1], using Theorem 5 as the impact-resolved analogue of
[MS11, Eq. (6.12)]. For a fixed collision-count vector one retains one further flight, since
(ξ,W ) records the flight straddling the last observation time. Relative to [MS11, Theorem 6.1],
its future-velocity coordinate is replaced by W and its transition density by (8.2).

By a standard L1 approximation argument, we may assume without loss of generality
that fin is bounded and compactly supported. Propagation is finite, the impact bundle is
bounded, the remaining flight is tight by Lemma 2(iii), and (7.7) controls the collision count.

After summing over face words, the flux change of variables and volE(BV ) ≤ AP give the
analogue of [MS11, Eqs. (6.13)–(6.14)]: for each bounded Borel test set D, the unweighted n-
collision reference-measure contribution is at most (APt)

nσ1(D)/n!. Hence, since flift = finΦV

and 0 ≤ ΦV ≤ 1, the flift-weighted contribution is at most ∥fin∥∞(APt)
nσ1(D)/n!. This

and (7.7) give the continuity-set approximation and compact-time uniformity as in [MS11,
Section 6.1]. □

Decomposition by collision number and the facewise map

(V, b) 7−→ (V Rℓ,Z(V, b)), b ∈ BV,ℓ,

which preserves dω(V ) db by (2.2)–(2.3), show that an initial density remains absolutely
continuous with respect to σ1. For f ∈ L1

loc(XP , σ1), define Ktf by

(8.4)
∫
D
Ktf dσ1 =

∫
XP

Px{Ξ̂(t) ∈ D}f(x) dσ1(x)

for every bounded Borel set D, where Px is the law started at x; finite propagation makes the
right-hand side locally finite. Spatial translation covariance is understood also after taking
Q modulo any full-rank lattice LQ.
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Proposition 3. The locally integrable density

f∗(Q,V, ξ, (ℓ, b)) = ΦV (ξ, b)

satisfies Ktf∗ = f∗ for all t ≥ 0. On Rd/LQ it becomes a probability density after multiplica-
tion by vol(Rd/LQ)

−1.

Proof. It suffices to test the two locally finite measures against bounded Borel continuity
sets D whose Q-projection is contained in a bounded set A. Fix t ≥ 0, choose a bounded
Borel set C with A+B(0, t) ⊂ C, and put

h(Q,V ) = c1C(Q), c = [vol(C)ω(Sd−1
1 )]−1.

Thus h dQdω is a probability measure. Every unit-speed trajectory whose state at time t
belongs to D starts with its position in A + B(0, t), where h = c; on the time-zero event
E−1
ρ (D) we likewise have h = c. On the part of the labelled collision section corresponding to
Fℓ, the map

(V, b) 7−→ (V Rℓ,Z(V, b)), b ∈ BV,ℓ,

preserves dω(V ) db by (2.2)–(2.3). Liouville invariance of the microscopic billiard flow
therefore gives, for every ρ,∫

Yρ

1D(F̂t,ρ(Q,V ))h(Q,V ) dQdω(V ) =

∫
Yρ

1D(Eρ(Q,V ))h(Q,V ) dQdω(V ).

Apply Theorem 6 at times t and 0. Its initial lift is hf∗, and finite propagation gives
Kt(hf∗) = cKtf∗ on the Q-projection A, while hf∗ = cf∗ there. Consequently∫

D
Ktf∗ dσ1 =

∫
D
f∗ dσ1,

which yields Ktf∗ = f∗ in L1
loc. Finally, (3.3) gives the stated normalisation on the torus. □

Proposition 4. The family {Kt : t ≥ 0} forms a semigroup on L1
loc(XP , σ1) and a positive,

mass-preserving contraction semigroup on L1(XP , σ1).

Proof. As in [MS11, Eqs. (6.23)–(6.27)], decomposeKt =
∑

n≥0K
(n)
t according to the number

of collisions before time t. Here the transition density is (8.2), and the bound 0 ≤ Φ0,V ≤ 1
gives

∥K(n)
t ∥L1→L1 ≤ (APt)

n−1

(n− 1)!
, n ≥ 1.

The series therefore converges in operator norm on L1, locally uniformly in t. Concatenation
of the impact-resolved paths gives Kt+s = KtKs. Positivity, mass preservation and the
contraction property follow from (8.4), cf. the remark after [MS11, Eq. (6.16)]. The strong
continuity required of a contraction semigroup follows from [MS11, Eqs. (6.32)–(6.34)]. □

Let us now turn to the generalised Boltzmann equation, which is the Kolmogorov forward
equation for the Markovian random flight process. It is the polyhedral impact-variable
analogue of [CG10, Eq. (2.30)] and [MS11, Section 6.3, especially Eq. (6.37)].

For V · nℓ > 0 and x ∈ Fℓ, put

Uℓ(V ) = V Rℓ, b−ℓ (V, x) = −π⊥
(
xK(Uℓ(V ))

)
, z+ℓ (V, x) = π⊥

(
xK(V )

)
.

Thus b−ℓ (V, x) ∈ BUℓ(V ),ℓ and z+ℓ (V, x) ∈ CV,ℓ. By (2.2)–(2.3), reflection preserves the
facewise flux measure:

(8.5) dω(Uℓ(V )) db−ℓ (V, x) = dω(V ) dz+ℓ (V, x).
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Here (8.5) is an equality of pushforward measures: both sides are the image of 1{V ·nℓ>0}(V ·
nℓ) dω(V ) dAℓ(x) under the corresponding coordinate map.

Let f0 ∈ L1(σ1) be an initial density and put f(t) = Ktf0. Suppose that, locally for t > 0,
the weak derivatives ∂tf , V · ∇Qf and ∂ξf are integrable and that f has the characteristic
collision value

f(t, Q, V, 0,W ) := lim
s→0

f(t, Q− sV, V, s,W )

almost everywhere, with the collision integral in (8.6) locally integrable. Then, for W =
(ℓ′, b) ∈ BV , f satisfies in the distributional sense for t > 0 and ξ > 0, with initial condition
f(0) = f0,

(8.6)
(
∂t + V · ∇Q − ∂ξ

)
f(t, Q, V, ξ,W ) = [CPf ](t, Q, V, ξ,W )

with the collision operator

(8.7) [CPf ](t, Q, V, ξ, (ℓ′, b)) =
∑

ℓ:V ·nℓ>0

∫
Fℓ

f
(
t, Q, Uℓ(V ), 0, (ℓ, b−ℓ (V, x))

)
× Φ0,V

(
ξ, b, z+ℓ (V, x)

)
(V · nℓ) dAℓ(x).

This follows from the analogous calculation in [MS11, Section 6.3]. Transport between col-
lisions gives the left-hand side. At ξ = 0, (8.5) and the conditional density Φ0,V (ξ, b, z

+
ℓ ) dξ db

give the right-hand side. The new features are the face-label sum, the impact variable, and
the flux factor V · nℓ. No differentiability of Φ0,V is required, and no separate loss term
appears because −∂ξf accounts for passage through ξ = 0.

For the physical initial density fin, Theorem 6 identifies the limiting extended density as
Ktflift. Its position–velocity marginal is

[Ltfin](Q,V ) =

∫ ∞

0

∫
BV

[Ktflift](Q,V, ξ,W )mV (dW ) dξ.

Note that, as in the case of the periodic Lorentz gas, the family {Lt : t ≥ 0} does not in
general form a semigroup.
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