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Abstract

Let x(n) := αnd mod 1 for integer d > 1 and non-zero real α. Then, we show that {x(n)}n>0

has Poissonian ℓ-point correlations for almost all choices of α when d is large (depending on ℓ).
This falls in line with the expected behavior from the Berry-Tabor conjecture. Further, in the
spirit of a conjecture of Rudnick–Sarnak [RS98], we show Poissonian ℓ-point correlations for a set
of badly approximable α of full Hausdorff dimension by a Fourier analytic transference principle.

The proof makes use of an application of the determinant method to count points on a diagonal
hypersurface of degree d in such a way as to capture the contribution of points belonging to lower
dimensional varieties. As d grows, these ‘special solutions’ dominate the count and non-special
solutions become increasingly rare. This stratified counting statement allows us to control the
number of points on average very effectively.

1 Introduction

1.1 Poissonian Correlations of monomials mod 1

Fix a degree, d ∈ N>1, and a dilation, α ∈ R ̸=0, and consider the sequence X d
α := {x(n)}n>0, where

x(n) = xα,d(n) := αnd mod 1.

Then, given a test function, f ∈ C∞
c (Rℓ−1), we denote the ℓ-point correlation function of X d

α by

Rℓ(X d
α) := lim

N→∞
RN
ℓ (X d

α) := lim
N→∞

1

N

∗∑
n∈[N ]ℓ

∑
k∈Zℓ−1

f(N(x(n1)− x(n2), . . . , x(nℓ−1)− x(nℓ))), (1.1)

if it exists, where ∗ indicates that the coordinates of n are distinct. This measures the probability of
finding ℓ points of {x(n)}n<N in a uniformly thrown 1

N -neighborhood on the torus, [0, 1]. A sequence
has Poissonian ℓ-point correlation if Rℓ(X d

α) converges to E (f) . A well-known theorem of Rudnick and
Sarnak showed that

Theorem 1 ([RS98, Theorem 1]). For d ∈ Z>1 and almost all choices of α, the sequence X d
α has

Poissonian pair (ℓ = 2) correlation.

Moreover, the theorem is true if d is a non-zero real [RT22, AEBM21]. Our main result is the
following extension of Theorem 1 to higher order correlation functions.

Theorem 2. For almost all choices of α, the sequence X d
α has Poissonian ℓ-point correlation for all d

satisfying

d > (2ℓ)4ℓ =: dℓ. (1.2)

Theorem 1 is one of the seminal results in the field. When d = 2, this is particularly interesting
since the values x(n) represent the energy levels for the semi-classical boxed harmonic oscillator. Thus,
Theorem 1 provided (almost everywhere) evidence towards the Berry-Tabor conjecture which connects
the local statistics of such energy levels to the dynamical properties of the underlying classical system
(i.e integrable vs chaotic). For d > 2, while one can produce a Hamiltonian which gives these eigenvalues,
we are unable to connect these Hamiltonians to classical systems.

Aside from this application to quantum chaos, building on work of van der Corput among many
others (see [KN74] for history), it is very common to study the local statistics of sequences. A key
challenge is to show that the correlations of such sequences converge to the Poissonian limit. In fact,
it has long been expected (see for example [Mar00, Rud08, RS98, RSZ01, RS24]) that for almost any
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choice of α the sequence x(n) should have Poissonian local statistics for any d > 2. However, for ℓ > 2,
while there are results for real valued sequences [ABR24, BL23, Mar03, EMM05], for sequences modulo
1 very little progress has been made. In part, that is the case because higher ℓ-point correlation functions
do not concentrate in an L2-sense in many cases, precluding canonical concentrations arguments right
from the start. This was first observed by Rudnick and Sarnak [RS98]; see also [TW22, Appendix C]
for more discussion.

When the exponent d is a small real (e.g ≤ 1/3) the correlations are known to be Poissonian
[LST25, LT21, LT25] and when the sequence grows with a lacunary rate then the sequence is known
to have Poissonian statistics almost everywhere [RZ02]. Hence, Theorem 2 is the only direct progress
towards this central conjecture in the field since [RS98] from the late 90’s.

The following extension of Theorem 2 shows that we can replace the Lebesgue measure on [0, 1)

with any measure satisfying a growth condition on its Fourier coefficients.

Theorem 3. Let d > d4ℓ. Suppose µ is a finite Borel measure on [0, 1] whose Fourier transform
µ̂(ξ) =

∫
R e(−ξα)dµ(α) decays on average like |ξ|−1/2 in the following sense. If 0 < s < 1, then

|µ̂(0)|2 +
∑
u ̸=0

|µ̂(u)|2 · |u|s−1 < ∞. (1.3)

Then, X d
α has Poissonian ℓ-point correlations for µ-almost any α ∈ [0, 1] as soon as d > d4ℓ.

We say θ is diophantine of type τ if there exists a cθ such that |θ − p
q | ≥ cθq

−τ for all relatively
prime p and q. It is immediate that the diophantine properties of α will dictate the behavior of the
correlations (see for example [RSZ01, Theorem 2]). Rudnick, Sarnak and Zaharescu [RSZ01, p. 38]
conjecture that any diophantine number with sufficiently square-free denominators in its continued
fraction convergents should lead to Poissonian behavior of the gaps in X 2

α. An application of Theorem
3 shows that for almost every diophantine α, the sequence X d

α will have Poissonian ℓ-correlations for
d > dℓ.

In fact, while Theorem 2 applies to a much larger set of α, Rudnick and Sarnak [RS98, Abstract]
conjecture that, if α is badly approximable and d ≥ 2 is a fixed integer, then the normalized spacings
between elements of X d

α have ‘Poissonian statistics’. While there have been some steps towards this
conjecture (see e.g [HB10]), no one has confirmed it for any degree or statistic. The following corollary
states the existence of a ‘large’ subset of badly approximable numbers which satisfy this conjecture
with respect to the ℓ-point correlation function.

Corollary 4. Fix ℓ > 1 and let d > d4ℓ. Then there exists a Hausdorff dimension 1 subset, A of the
badly approximable numbers such that X d

α has Poissonian ℓ-point correlations for all α ∈ A.

Proof. The s-energy

Is(µ) =

∫∫
[0,1]2

|x− y|−sdµ(x)dµ(y)

of µ is well-known to be comparable to its discretization (1.3), see [HMR07, Corollary 2.7]. Hence,
Theorem 3 and Frostman’s Lemma implies directly that any set S ⊆ [0, 1] of Hausdorff dimension 1

contains a set G ⊆ S so that X d
α has Poissonian ℓ-point correlations for any α ∈ G once d > d4ℓ. Choosing

S to be the set of badly approximable numbers proves the corollary.

1.2 Stratified point counting

Fix a degree d ≥ 2 and dimension n, and consider the homogeneous diagonal form

Qa(x) := a0x
d
0 + · · ·+ anx

d
n (1.4)

with coefficient vector a ∈ (Z ̸=0)
n+1. A natural question in diophantine analysis is to count solutions

to the equation Qa(x) = 0 with entries taken from a box [0, N ]n+1. To that end, let Xn ⊂ Pn denote
the diagonal hypersurface defined by Qa(x) = 0. For any point, x ∈ Xn(Q), we take a representative
x = (x0, . . . , xn) ∈ Zn+1

prim. and we write
H(x) = ||x||∞.

Define the counting function

NQa
(N) := #{x ∈ Xn(Q) : H(x) ≤ N}.

2



For general hypersurfaces, Browning–Heath-Brown [BHB06] showed that

NQa
(N) = Od,n(N

n−1+ε) for all ε > 0, (1.5)

uniformly in a. However, one expects that the diagonal structure of the form should allow for improve-
ments. Indeed, Salberger-Wooley [SW10] showed that once d is large, diagonal solutions dominate. In
particular, once d > (2n+ 2)4n+4, this provides the bound

NQa
(N) = Od,n(N

⌊n+1
2 ⌋+ε) for all ε > 0. (1.6)

The purpose of this paper is to improve this upper bound on NQa
(N) by showing that the count depends

on the coefficients a and can be massively reduced for generic1 a. Before stating the main theorem,
let m = m(a) denote the largest 0 ≤ k ≤ n+1

2 such that there exist k disjoint pairs of distinct indices
(i1, j1), . . . , (ik, jk) with

−aiℓajℓ = □ ∀ℓ = 1, . . . , k

where □ denotes the set of squares. Furthermore, let

L(d, n) := 1 +
2(d− n+ 1)

n2 − n
(1.7)

and let

ϕ(m, d, n) := max
0≤s≤m

(
s+

n−2s−1∑
r=1

r + 1
r
√

L(d, n)

)
.

Then our main theorem states that the count is dominated not just by diagonal terms, but all the
“quasi-diagonal” terms enumerated by m.

Theorem 5. Let n > d > 3. Let W denote the subset of points x ∈ Xn(Q) for which there exists a pair
of distinct indices i, j such that

aix
d
i + ajx

d
j = 0.

Then, for all ε > 0

#{x ∈ Xn(Q) \W : H(x) ≤ N} ≪ N

∑n−1
r=1

r+1

L(d,n)1/r
+ϵ

.

Moreover, for the total number of points we have the bound

NQa
(N) = O

(
Nϕ(m,d,n)+ε

)
. (1.8)

In both bounds, the implied constant is uniform in a.

Remark. In particular, observe that for a fixed n, once d > dn we have that

#{x ∈ Xn(Q) \W : H(x) ≤ N} = o(N),

demonstrating that the quasi-diagonal solutions dominate the count in a very strong manner. Similarly,
another immediate consequence is that for any ϵ > 0 there exists a d(ϵ) such that d > d(ϵ) yields

NQa
(N) = Oϵ(N

m+ϵ),

where m is defined as above.

The condition that −aiaj ∈ □ characterizes when quasi-diagonal solutions coming from linear spaces
within the hypersurface arise, and in particular, m is the dimension of the largest linear space within
the hypersurface. Note that the exponent ϕ varies significantly with m. In the generic case one expects
m = 0, hence the exponent is dominated by the r sum, which decays as d gets large and n is fixed.
Conversely, in the worst case scenario where the hypersurface contains n−1

2 dimensional planes, the
first term in the exponent dominates and we recover the asymptotic bound from Salberger-Wooley
(1.6).

In the circle method literature, these kinds of paucity results have been established for many
diagonal systems of equations (see for instance [Woo23, BW22, BW03, SW97]). One distinction in our
approach is that it works in the orthogonal regime, where the degree is much larger than the number
of variables. Another is that our bounds allow for any choice of coefficients whereas most previous
works handle specific equations with coefficients in {±1}. These distinctions we have in common with
the work of Salberger–Wooley and stem from the principal tool being the determinant method. The
major input that allows us to control the rational points on diagonal hypersurfaces outside of linear
subspaces is the fact that such points cannot lie on subvarieties of very small degree (c.f. Lemma 10).

1In the sense of being drawn uniformly at random from a homogeneous expanding box.
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1.3 Additional applications

1.3.1 Matrix counting

Rational points on diagonal hypersurfaces appear in a variety of contexts. For instance, in the rep-
resentation of a number as a sum of dth powers [HB09]. Another application is to counting matrices.
For instance, suppose one wanted to count matrices with small rank. To that end, consider the class
of k × n matrices with degree d, bounded entries:

Md,k,n(N) :=



xd1,1 . . . xd1,k

...
xdn,1 . . . xdn,k

 : xi,j < N

 . (1.9)

Further, let

M(r,N) = Md,k,n(r,N) := {M ∈ Md,k,n(N) : rank(M) = r}.

Theorem 5 then allows us to provide strong bounds for the number of matrices in M(r,N).

Theorem 6. Let, k > n > 2 be fixed and let r < n. Further, assume d > dk, then for any ε > 0 we have

#M(r,M) = O(Nnr+(r/2+1)(k−r)+ε). (1.10)

The statistics of matrices whose entries come from arithmetically interesting sets has become a
hot topic in number theory and combinatorics in recent years. One early seminal result in this area is
[DRS93]. However, there have been numerous improvements and extensions over the years to questions
about matrices of fixed rank, determinant, and characteristic polynomial [BL24, GNY17, DHP25,
CM25, BL23, MOS24, AKOS25]. Theorem 6 is an improvement on recent work of Mohammadi-
Ostafe-Shparlinski [MOS24] in the case of monomial entries of the same degree (although they treat
polynomial matrices of any form). For comparison, the exponent therein is very hard to write down
succinctly though we can compare (1.10) to nr + (r − 5/4)(k − r).

Furthermore, estimates for #M(r,M) play a key role in the analysis of [BL23] where Blomer-Li use
these counting estimates to show that the ℓ-point correlations between points on the real line given by
diagonal equations in k variables with power d are almost surely Poissonian.

In the context of Blomer-Li, Theorem 6 gives a slightly improved range of validity. However, the
regime where our bound produces the best gain over the estimates used therein is when the degree is
large. In that regime, we improve the term in Blomer-Li’s result coming from the small rank matrices.
Counting matrices with full rank is more difficult since there is no diophantine equation coming from
the linear combination of rows in the small rank case. Thus, while our results give an improvement to
the range of validity, we cannot näıvely fill in this missing range (when d is large). That said, perhaps
a more precise application of Theorem 5 and a closer analysis of the integrals arising in Blomer-Li’s
proof could still fill in this range.

1.3.2 Nearest neighbor spacing distribution

Correlation statistics of a sequence allow us to obtain information about the gap distribution. To
define this, we relabel the points {xn}Nn=1 so that the labels correspond to the position on the torus

u
(N)
1 ≤ u

(N)
2 ≤ · · · ≤ u

(N)
N . We define the cumulative gap distribution to be the limit (if it exists)

P (X d
α)(s) = lim

N→∞
PN (X d

α)(s) :=
#{i ≤ N : u

(N)
i+1 − u

(N)
i < s/N}

N
.

The scaling s/N ensures that this is measuring the gaps on the level of the mean spacing. From
Theorem 2 one can derive the following corollary which states that the gap distribution of X d

α can be
bounded by Taylor approximations of 1− e−x. Thus, the gap distribution is approximately Poissonian.

Corollary 7. Let K ≥ 1, and d > d2K be integers. For almost all α, we have∑
1≤k≤2K

(−1)k+1 s
k

k!
≤ lim inf

N→∞
PN (X d

α)(s) ≤ lim sup
N→∞

PN (X d
α)(s) ≤

∑
1≤k≤2K−1

(−1)k+1 s
k

k!
(1.11)

for all s > 0. Consequently, limd→∞ P (X d
α)(s) = 1− e−s for almost all α.

Proof. (1.11) is a direct consequence of Theorem 2 and known relations between the gap distribution
and correlation functions, see [KR99, Lemma 11 and (A.2)] and compare [TY20, Corollary 1.6].
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1.4 Further directions

The main novelty in this paper is the application of the determinant method to the counting problem
arising in the correlations mod 1 context; together with the stratified counting which allows us to
control averages far more effectively. We have made some effort to tighten the screws in this argument
but there are still some sources of loss which we anticipate could be improved. This would likely
improve the range of possible degrees in Theorem 2.

In addition, these kinds of stratified counting theorems could be used in a variety of arithmetic
contexts. Indeed, there are the obvious analogues of the various representation problems considered
in Marmon [Mar11] and potential applications to lower order terms in the mean values of Weyl sums.
Moreover, all our counting results should be extendable to global fields via the work of Paredes–
Sasyk [PS22]2. As far as future efforts go, it would be particularly interesting to see results of this kind
for non-diagonal hypersurfaces.

Notation

Throughout this paper we use typical Bachmann-Landau notation: for functions f, g : X → R defined
on some set X, we write f ≪ g (or f = O(g)) to denote that there exists a constant C > 0 such that

|f(x)| < C|g(x)| for all x ∈ X. We write f ≍ g if f ≪ g and g ≪ f and let f = o(g) imply that f(x)
g(x)

→ 0.

We let [N ] := {1, . . . , N}.
Given a Schwartz function f : Rm → R, let f̂ denote the m-dimensional Fourier transform:

f̂(k) :=

∫
Rm

f(x)e(−x · k)dx, for k ∈ Zm.

Here, and throughout we let e(x) := e2πix. Finally, we use ε > 0 as a small constant which can change
from line to line.

Plan of the paper: we prove the counting theorem, Theorem 5, in section 2. Then we prove
the Lebesgue almost everywhere statement, Theorem 2, in section 3. Then we prove the extension to
fractal measures, Theorem 3, in section 4. Then, we finish with the proof of Theorem 6 in section 5.
We have taken care to use notation that is coherent and remains close enough to the literature to avoid
committing any sins. However, since the different sections are rather separate, we will not import the
notation between the different sections.

2 Proof of Theorem 5

Fix a0, . . . , an ∈ Z̸=0 and let Xn ⊂ Pn denote the projective hypersurface defined by the diagonal
equation a0x

d
0 + . . . + anx

d
n = 0. A quasi-diagonal subvariety on Xn are those subsets of the rational

points on Xn satisfying an equation of the form∑
j∈P1

ajx
d
j = 0 =

∑
j∈P2

ajx
d
j ,

for some partition P1 ∪ P2 = {0, 1, . . . , n} into parts of size at least 2. The lines contained within such
subvarieties are called the standard lines and are the only lines on Xn (c.f. [Deb01, Ex. 2.5.3]).

The following result of Salberger controls the degree of curves on Xn and is the major geometric
engine behind our results.

Theorem 8 ([Sal23, Thm. 9.1]). Let C be a closed integral curve on Xn of degree δ which does not lie
on any other diagonal hypersurface of degree d in Pn. Then

δ ≥ 1− 2

n− 1
+

2d

n(n− 1)
.

Salberger [Sal23] and Marmon [Mar11] showed that the only curves of small degree belonging to
Xn are the standard lines when n = 3 and 4, respectively. We start by establishing a slightly weaker
variant that holds for all n.

Lemma 9. Let C ⊂ Xn be a curve of degree less than L(d, n) (see (1.7)). Then C is contained within
a quasi-diagonal subvariety.

2We thank Matteo Verzobio for this observation.
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Proof. We proceed by induction on n. The base case when n = 3 corresponds to a result of Sal-
berger [Sal23, Thm. 9.4]. Let us then suppose that the conclusion holds for all natural numbers
between 3 and n− 1 and let C ⊂ Xn be an integral curve of degree less than L(d, n).

Applying Theorem 8 we see that C must lie on another diagonal hypersurface. Let us call this
hypersurface Y and suppose that it is cut out by the vanishing of the form G(x) =

∑n
i=0 bix

d
i . Moreover,

denote by F (x) the form whose vanishing defines Xn. Then there exists a linear combination of F and
G such that at least one of the coefficients is 0. Hence without loss of generality, we may assume that
bn = 0. Now we project Pn → Pn−1 onto the first n coordinates. Let Z denote the image of Y under this
projection, and D the image of C. Note that Z is again a diagonal hypersurface, now inside Pn−1. The
image D must be either a point or a curve, however if it were a point then C would be the line passing
through the point [0 : . . . : 0 : 1] which cannot be since an ̸= 0. Therefore D is a curve and since it has
degree smaller than L(d, n) ≤ L(d, n − 1), we conclude by the inductive hypothesis that there exists a
subsum

∑
i∈I bix

d
i vanishing on C.

We would like to draw a similar conclusion but for a subsum involving the ai not the bi. We project
down now from Pn to P#I−1 onto the coordinates lying in I. Let W denote the subvariety given by the
subsum found above

∑
i∈I bix

d
i = 0. Either the image of C under this projection is a point or a curve.

If it is a curve then as before we may find another diagonal form in P#I−1 which also vanishes on the
image of C. By the exact argument just used, there is a subset I ′ ⊂ I and a form

∑
i∈I′ cix

d
i vanishing

on the image of C. We can therefore project again onto P#I′−1.
We repeat this process, reducing the dimension of the ambient projective space by projection, until

one of two things happens. Either our curve gets projected onto a point or we eventually project onto
a projective space of dimension ≤ 4. In the latter case, we know by the work of Salberger and Marmon,
that the image of C must be a line. In particular, this image must be a line on the projection of Xn,
which remains a Fermat hypersurface. Since all lines are standard lines, we conclude that there must
be a vanishing subsum.

Otherwise, this procedure has produced an integer r and a projection Pn π−→ Pr such that the
image of C under this projection is a point. Let us suppose, without loss of generality, that point is
[y0 : . . . : yr−1 : 1]. The fibre under π above this point is a linear space L inside Pn. Points on the
intersection L ∩Xn must satisfy an equation of the shape

cxdr + ar+1x
d
r+1 + . . .+ anx

d
n = 0, (2.1)

where
c = a0y

d
0 + . . . ar−1y

d
r−1 + ar

If c = 0 then we are done. Otherwise, we may apply the inductive hypothesis to (2.1). This will produce
a subset I of indices whose subsum vanishes. If r ̸∈ I then we have found a vanishing subsum of the
original equation. Otherwise the sum of the indices not in I must also sum to 0 and thus we are have
the claim.

We now extend this conclusion to subvarieties of greater dimension.

Lemma 10. Let Y ⊂ Xn be a subvariety of positive codimension and of degree less than L(d, n). Then
there exists a subset I ⊂ {0, . . . , n} such that #I ≥ 2 and such that the form

∑
i∈I aix

d
i vanishes on Y .

Proof. This proof is more or less exactly the same as [SW10, Lemma 4.2], we just have stronger input
for the base case of our induction hence arrive at a stronger conclusion for each dimension.

With this result in hand we may now apply the determinant method.

Lemma 11. There is a collection of

Od,n,ϵ

(
B

∑n−1
r=3

r+1
r
√

L(d,n)

)
surfaces of degree Od,n,ϵ(1) such that every point of Xn of height at most B lies in one of these subva-
rieties.

Our result is based on [SW10, Lemma 3.4], however in that result the authors only cover the points
of bounded height with subvarieties of codimension (n−2)/2. We are able to go deeper because Lemma
10 affords us control over the degree of all subvarieties which avoid vanishing subsums.
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Proof. This proof is exactly like that of [SW10, Lemma 3.4], inductively applying [SW10, Lemma
3.3].

Now that the points have been restricted to surfaces, we may apply the following result of Salberger.
Note that the below is not how the result is stated in [Sal23] but the same proof provides this result.

Lemma 12 ([Sal23, Thm. 6.1]). Let ϵ > 0 and let S ⊂ PnQ be a projective irreducible surface of degree
d. Then the number of rational points on S of height at most B which do not lie on any irreducible
curves of degree at most e− 1 is bounded by

≪n,d,e,ϵ B
3√
d
+ϵ

+B
3

2
√

d
+ 2

e+ϵ
.

As a consequence, we are able to count points which do not satisfy
∑

i∈I aix
d
i = 0 for any subset

I ⊂ {0, . . . , n} for which 2 ≤ #I ≤ n− 1. We say that for such points, there is no vanishing subsum.

Corollary 13. The number of points of height at most B on Xn for which there does not exist a
vanishing subsum is

Oϵ

(
B

∑n−1
r=3

r+1
r
√

L(d,n)

(
B

3√
L(d,n)

+ϵ
+B

3

2
√

L(d,n)
+ 2

L(d,n)
+ϵ
))

.

This affirms the first claim of Theorem 5.

Proof. By the previous result, the rational points lie on at most

Od,n,ϵ

(
B

∑n−1
r=3

r+1
r
√

L(d,n)

)
surfaces. By Lemma 10, we know that the points with no vanishing subsums must lie on surfaces of
degree at least L(d, n) and by the lemma before that we have that any curve on such a surface also has
degree at least L(d, n). Therefore, we conclude by applying Lemma 12.

Finally, we recall Heath-Brown’s result counting points on curves.

Lemma 14 ([HB02, Thm. 5]). Let C be an irreducible non-singular curve in P3 of degree d. Then the

number of points of height at most B on C is Oϵ(B
2
d+ϵ).

With all this in hand, we can conclude our upper bound for the point count.

Theorem 15. Let n > d > 3 and consider Xn ⊂ Pn the diagonal hypersurface defined by the equation∑n
i=0 aix

d
i = 0. Let m be the largest number of disjoint pairs of distinct indices {i, j} such that −aiaj is

a square. Then the number of rational points on Xn of height bounded by B is at most

≪ϵ

m∑
s=0

B
s+

∑n−2s−1
r=1

r+1
r
√

L(d,n)
+ϵ

.

Proof. We proceed via strong induction on n. To set the base case we show that the desired bound
holds for n = 3 and 4.

Suppose that n = 3. Then the number of points avoiding a vanishing subsum is counted by Lemma
12 and is at most

B
3√
d
+ϵ

+B
3

2
√

d
+ 2

L(d,n)
+ϵ

.

Should there exist a subsum it must be a pair of binary subsums. In this case we have m = 2 and we
apply the bound

#{|x|, |y| ≤ B : ax2 + by2 = 0} ≪ B. (2.2)

Hence the number of points is bounded byB
3√
d
+ϵ

+B
3

2
√

d
+ 2

L(d,n)
+ϵ ≪ B

3√
L(d,n)

+ 2
L(d,n)

+ϵ
if m = 0

B2 if m = 2,

completing the proof in this case.
Suppose that n = 4. The total number of points avoiding vanishing subsums is provided by Corollary

13 which yields

B
4

3
√

L(d,n)
+ϵ
(
B

3√
L(d,n) +B

3

2
√

L(d,n)
+ 2

L(d,n)

)
.
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If a quaternary subsum vanishes then we have one choice for the remaining variable and the bound

O

(
B2 +B

3√
L(d,n)

+ 2
L(d,n)

)
for the four relevant variables, by the previous paragraph. If a point is not enumerated by either of
these counts then there must be a set of 3 indices {i1, i2, i3} ⊂ {0, . . . , 4} such that

ai1x
d
i1 + ai2x

d
i2 + ai3x

d
i3 = 0.

The number of potential solutions by Lemma 14 is O(B
2

L(d,n) ). Then there are O(B) choices for the
remaining two variables, by (2.2). In total then we produce a bound of

O

(
B2 +B

1+ 2
L(d,n)

+ϵ
+B

4
3
√

L(d,n)
+ 3√

L(d,n)
+ 2

L(d,n)
+ϵ
)
.

Now suppose the claim holds in all dimensions less than n. Points for which no proper subsum
vanishes are counted by Corollary 13 which provides the bound

O

(
B

∑n−1
r=1

r+1

(L(d,n))
1
r

+ϵ
)
.

For any remaining point x, there exists a minimal partition I1, . . . , Ij of {1, . . . , n} such that each subsum∑
i∈Ik

aix
d
i vanishes and such that there is no partition satisfying the same property with a greater

number of parts in the partition. If Ik is a singleton then there is only 1 solution. For any Ik of size 2,
we apply the estimate (2.2). For any Ik of size 3, we apply Lemma 14. Any other part in the partition
has size between 4 and n, thus we may apply the inductive hypothesis.

In particular, the number of points which have exactly s binary vanishing subsums is bounded by
Bs times the number of ways that the remaining n + 1 − 2s variables can vanish without there being
smaller vanishing subsum. This provides precisely the sth term in the sum.

Remark. The conclusion of Theorem 15 is probably suboptimal as currently written. This is because
at each step when one removes variables corresponding to subsums, one should be able to conclude
that the degree bound on subvarieties of the subsums is L(d,dim(subsum)) rather than the full L(d, n).

3 Proof of Theorem 2

Theorem 2 follows a standard procedure, first applied in this context by Rudnick and Sarnak [RS98] but
later improved for pair correlations by Aistleitner, Larcher, Lewko [ALL17] and generalized to higher
correlations by Technau and Yesha [TY20]. Namely, [TY20, Proposition 7.1] implies that Theorem 2
follows from the following moment bounds via an approximation argument. Let Fℓ ⊂ C∞

c (Rℓ−1) denote
the set of rectangular smooth functions:

Fℓ :=

{
f(x) =

ℓ−1∏
i=1

fi(xi), where f1, . . . , fℓ−1 ∈ C∞
c (Rℓ−1)

}
.

Lemma 16. For X d
α as defined in (1.1), ℓ satisfying d > dℓ and f ∈ Fℓ there exists an ε > 0 such that

E
(
RN
ℓ (X d

α)
)
= E (f) +O(N−ε) (3.1)

and

Var
(
RN
ℓ (X d

α)
)
= O(N−ε). (3.2)

Proof. First, apply Poisson summation and a change of variables to the sum in k in the definition of
the ℓ-correlation, that is

RN
ℓ (X d

α) =
1

N

∗∑
n∈[N ]ℓ

∑
k∈Zℓ−1

f(N(x(n1)− x(n2) + k1, . . . , x(nℓ−1)− x(nℓ) + kℓ−1)),

=
1

Nℓ

∗∑
n∈[N ]ℓ

∑
a∈Aℓ(N)

f̂

(
a

N

)
e(α(a · nd)) +O(N−ε),

where
Aℓ(N) := {(a, aℓ) : a ∈ (Zℓ−1 \ {0}) ∩ [−N1+ε, N1+ε]ℓ−1, aℓ = −a1 − · · · − aℓ−1}. (3.3)
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Note that the fast decay of Fourier coefficients allows us to keep |ai| < N1+ε. Hence,

RN
ℓ (X d

α) = E (f) +
1

Nℓ

∗∑
n∈[N ]ℓ

∑
a∈Aℓ(N)

f̂

(
a

N

)
e(αQa(n)) +O(N−ε), (3.4)

where nd := (nd
1, . . . , n

d
ℓ ) and Qa(n) := a · nd.

Henceforth, denote

E :=
1

Nℓ

∗∑
n∈[N ]ℓ

∑
a∈Aℓ(N)

f̂

(
a

N

)
e(αQa(n)).

Note that the integral is 0 unless Qa(n) is 0. Hence, on fixing a small ε > 0, we have

E ≪ 1

Nℓ

∑
a∈Aℓ(N)

#{n ∈ [N1+ε]ℓ distinct, Qa(n) = 0},

By an inductive argument on the different correlation orders we can take ai > 0 for all i. In fact, this
is where the condition that the xi be distinct appears, if not, the lower order correlations with some of
the ai being 0 cannot be bounded by O(N−ε) (see [LT21, Section 3] for a detailed explanation of this
argument). Given a ∈ Aℓ(N), let 0 ≤ m(a) ≤ ℓ/2 denote the largest number of disjoint distinct pairs
(i, j) such that −aiaj = □. Further, let

Aℓ(N,m) := {a ∈ Aℓ(N) : m(a) = m, |ai| > 0 ∀1≤i<ℓ}.

Then, by Theorem 5,

Em :=
∑

a∈Aℓ(N,m)

#{n ∈ [N1+ε]ℓ distinct : Qa(n) = 0} ≪ Nϕ(m,d,ℓ)+ε#Aℓ(N,m).

By a classical bound (see, for instance, [AKOS25, Thm. 2.6]) the number of ways to choose a1, a2 so
that −a1a2 ∈ □ is O(N1+ϵ logN) hence we save a factor of N . Moreover, recall that aℓ is determined
once the first ℓ− 1 components of a are fixed. Suppose aℓ−1aℓ ∈ □, then, if aℓ is of size O(N), there are√
N many choices for aℓ−1. Hence,

|Aℓ(N,m)| ≪


Nℓ−1+ε if m = 0

Nℓ−m−1+ε if 1 ≤ m < ℓ/2

Nℓ/2−1/2+ε if m = ℓ/2.

Thus

E ≪ 1

Nℓ

ℓ/2∑
m=0

Em

≪ Nε

Nℓ

ℓ/2∑
m=0

Nϕ(m,d,ℓ)|Aℓ(N,m)|

≪ Nε

Nℓ

(
Nϕ(0,d,ℓ)+ℓ−1 +Nℓ−1/2 +

ℓ/2−1∑
m=1

Nϕ(m,d,ℓ)Nℓ−m−1
)
.

Note that, for m fixed

ϕ(m, d, ℓ) + ℓ−m− 1 ≤ max
0≤s≤m

(s−m) + ℓ− 1 +

ℓ−1∑
r=1

r + 1
r
√

L(d, n)

≤ ℓ− 1 +

ℓ−1∑
r=1

r + 1
r
√

L(d, n)
= ϕ(0, d, ℓ) + ℓ− 1.

Thus, the boundary terms are the dominant ones. Hence,

E ≪ Nϕ(0,d,ℓ)−1 +N−1/2+ε.

We conclude that the expected value converges whenever

ϕ(0, d, ℓ) < 1. (3.5)
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Turning now to the variance, the proof is very similar. Using (3.1), the second moment equals

E
(
RN
ℓ (X d

α)
2
)
=

1

N2ℓ

∫ 1

0

∣∣∣∣∣∣
∗∑

n∈[N ]ℓ

∑
a∈Zℓ−1

f̂

(
a

N

)
e(α(a · nd))

∣∣∣∣∣∣
2

dα

= E (f)2 +
1

N2ℓ

∫ 1

0

∣∣∣∣∣∣
∗∑

n∈[N ]ℓ

∑
a∈Aℓ

f̂

(
a

N

)
e(α(a · nd))

∣∣∣∣∣∣
2

dα+O(N−ε).

Expanding the square and computing the integral in α leaves us to bound

E :=
1

N2ℓ

∑
a∈Aℓ

∑
b∈Aℓ

#{m,n ∈ [N ]ℓ,∗ : Q(a,b,m,n) = 0}, (3.6)

where [N ]ℓ,∗ is the set of [N ]ℓ with distinct entries and Q(a,b,m,n) = Q(a,m)−Q(b,n).
If we apply the same estimates leading up to (3.5), we arrive at

E ≪ N−1+ε +Nϕ(0,d,2ℓ)−2+ε.

Note that, since d > dℓ we have ϕ(0, d, 2ℓ) < 2.

4 Proof of Theorem 3

The following lemmas allow us to control the growth of trigonometric polynomials coming from ex-
panding the measure.

Lemma 17. Let T (ξ) =
∑

|u|≤U cue(−ξu) be a trigonometric polynomial of degree U where all cu ∈ C.
Let µ be as in Theorem 3. Then for all ρ ∈ (0, 1),∫ ∞

−∞
T (ξ) dµ(ξ) ≪ρ,µ Uρ∥T∥L2 . (4.1)

Proof. Denote by X the left-hand side of (4.1). Notice, that for 0 < s < 1 we have

X =
∑

|u|≤U

cuµ̂(u) =
∑

|u|≤U

cuu
1−s
2 µ̂(u)u

s−1
2 .

By the Cauchy-Schwarz inequality,

|X|2 ≤

 ∑
|u|≤U

|cu|2 u1−s

 ·

 ∑
|u|≤U

|µ̂(u)|2|u|s−1

 .

The summation in the first bracket is at most U1−s∥T∥2L2 . By (1.3) the summation in the second
bracket is at most a constant Cs,µ > 0. Choosing s = 1− 2ρ and taking roots, completes the proof.

We prove now a slightly more general statement than needed, as we believe the transference mech-
anism is of independent interest.

Lemma 18. Let C > 1 be fixed. For each integer N ≥ 1, let TN : [0, 1] → C be a trigonometric
polynomial of degree UN = O(NC). Assume E (TN ) = o(1). Suppose that there exists an ε > 0 so that∫ 1

0
|TN (α)−E (TN ) |4dα ≪ε N−2ε. (4.2)

Let µ be as in Theorem 3. Then, there exists an increasing sequence of integers (Nm)m with Nm ∼ m3/ε

such that
lim

m→∞
TNm

(α) = 0 (4.3)

for µ-almost all α ∈ [0, 1].

Proof. First, we show E (TN , µ) = o(1). Let T̃N = TN −E (TN ), as E (TN , µ)−E (TN ) =
∫∞
−∞ T̃N (ξ) dµ(ξ).

Here
T̃N (ξ) =

∑
|u|≤UN

cu,Ne(−ξu).
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The Cauchy-Schwarz inequality and (4.2) imply ∥T̃N∥L2 ≤ ∥T̃N∥1/2
L4 ≪ε N−ε. Thus, (4.1) yields for

ρ ∈ (0, 1) that ∫ ∞

−∞
T̃N (ξ) dµ(ξ) ≪ρ,µ NCρ∥T̃N∥L2 ≪ NCρN−ε.

Upon choosing ρ ∈ (0, ε/C), we deduce E (TN , µ) = o(1). Next, we upper-bound the µ-measure of
PN = {α ∈ [0, 1] : |T̃N (α)| > N− ε

10 }. Then,

|T̃N (ξ)|2 =
∑

|u|≤2UN

ku,Ne(−ξu) where ku,N =
∑
v<u

cv,N · cu−v,N .

Applying (4.1) with the trigonometric polynomial |T̃N (ξ)|2 and using (4.2) produces the estimate∫ ∞

−∞
|T̃N (ξ)|2 dµ(ξ) ≪ρ,µ (2U)ρ∥T̃N∥2L4 ≪µ NCρN−ε.

Upon choosing ρ small, we see that the right hand side is O(N−ε/2|T̃N (ξ)|2). Chebychev’s inequality
yields µ(PN ) ≪ N−ε/2. The convergence Borel-Cantelli lemma shows that the limsup set P of the PNm

is a µ-null set because ∑
m≥1

µ(PNm
) ≪

∑
m≥1

N
−ε/2
m ≪

∑
m≥1

m−3/2

converges. Taking G = S \ P and noting that (4.3) holds for any α ∈ G completes the proof.

Now we are in a position to prove Theorem 3.

Proof of Theorem 3. By the Fourier series expansion (3.4), we have

RN
ℓ (X d

α) = E (f)+c0,N+O(N−ε)+
∑
u ̸=0

cu,Ne(−uα) where cu,N :=
1

Nℓ

∗∑
n∈[N ]ℓ

∑
a∈Zℓ−1\{0}

f̂

(
a

N

)
1(Qa(n)) = u).

By (3.1), we know c0,N = o(1). Let UN = N1+d+ε and

TN =
∑

1≤|u|≤UN

cu,Ne(−uα).

Then the rapid decay of f̂ implies

RN
ℓ (X d

α) = E (f) + c0,N +O(N−ε) + TN +O(N−ε).

To use Lemma 18, we bound
∫ 1
0 |TN (α)−E (TN ) |4dα.

Indeed,∫ 1

0
|TN (α)−E (TN ) |4dα ≪ 1

N4ℓ

∑
j≤4

∗∑
nj∈[N ]ℓ

∑
aj∈Zℓ\{0}

∥aj∥∞≤N1+ε

1
(
Qa1(n1)−Qa2(n2) = Qa3(n3)−Qa4(n4)

)
.

The counting condition is now relaxed to count non-zero b ∈ Z4ℓ and m ∈ [N ]4ℓ so that Qb(m) = 0 while
∥b∥∞, ∥m∥∞ ≤ N1+ε. Because d > d4ℓ, we obtain this information from (3.1). The upshot by a usual
Borel-Cantelli and Chebychev argument is that for µ-almost any α ∈ [0, 1] we have RNm

ℓ (X d
α) → E (f)

as m → ∞, for any fixed (Nm)m with Nm ∼ m4/ε. Upgrading the convergence along a sub-lacunary
subsequence to convergence as N → ∞ is a routine sandwiching argument, see [TY20, Lemma 7.2].

5 Proof of Theorem 6

Now we turn to the matrix counting problem described in section 1.3.1. Let

M(r,N) = Md,k,n(r,N) := {M ∈ Md,k,n(N) : rank(M) = r}.

To prove Theorem 6 we follow the example of [BL23, Section 4]. Let

T :=



xd1,1 . . . xd1,k

...
xdn,1 . . . xdn,k

 : xi,j < N

 .
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First, we assume rank(T ) < n. Because of the small rank, we can assume (w.l.o.g.) that the bottom
n− r rows are linear combinations of the first r rows. That is,

xdj,i =

r∑
ν=1

ρj,νx
d
ν,i, r + 1 ≤ j ≤ n, 1 ≤ i ≤ k, (5.1)

for some ρj,ν ∈ Q (at least two of which are non-zero to ensure that xj ̸= xν for ν ≤ r).
To populate T , first choose the first r columns indiscriminately which contributes O(Nrn). This

choice will uniquely determine ρ. Indeed, if we write

T =

(
T1 T2
T3 T4

)
∈ R(r+(n−r))×(r+(k−r)),

then since T1 is invertible, we have for each r + 1 ≤ j ≤ n that

tT1


ρj,1

...
ρj,r

 =


xdj,1

...
xdj,r

 .

Now, consider (5.1), which is a non-degenerate form of degree d in at least 3 variables. A priori,
the coefficients of this form are rational numbers but we may simply clear denominators. Applying the
worst case scenario of Theorem 5 then yields

O(N
r
2+1+ϵ)

choices for the (r + 1)-tuple xj,i, x1,i, . . . , xr,i. Note that this bound is uniform in the coefficients of the
form and so in particular is insensitive to our having cleared denominators and to the fact that we have
no control over the ρj,ν . Hence, we conclude

M(r,N) = O(Nnr+(r/2+1)(k−r)+ε),

the claimed bound in Theorem 6.

Remark. The first term is the same as in [BL23, display below (4.7)], however the (k − r) dependence
is now r/2 (as opposed to r − 1). One could hope to use the finer information available in Theorem
5 to further improve this bound however with the present approach we can say very little about the
coefficients ρj,ν .
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