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Abstract

We study the new eigenvalues of a fixed point interaction on the cubic three-torus. Their mean-
one consecutive spacings converge to a probability law independent of the interaction parameter.
We characterize this law by the consecutive zeros of a random meromorphic function built from
three-squares congruence densities. Its small-gap distribution has the form s5¥(log,(s72))+o0(s),
where ¥ is continuous, positive, and one-periodic. The proof combines periodic mean-square
approximation, a weighted Hilbert-transform estimate, and Fourier estimates that retain the
interactions between primes.

1 Introduction

A central question in quantum chaos is: how does the spectral information of a quantum system reflect
the geometric and dynamical properties of the corresponding classical system? For instance, the
Berry—Tabor [BT] and Bohigas—Giannoni—Schmit [BGS] conjectures predict that generic integrable
systems have Poisson local statistics of their quantum energy levels, whereas generic chaotic systems
have random matrix statistics, with the ensemble determined by the symmetries. These conjectures
motivated the study of explicit models where something can be said about the quantum energy
levels. One notable example is the Seba billiard [S], and its toral analogue, a point scatterer on a
flat torus. The spectrum retains the Laplace old eigenvalues, with each multiplicity reduced by one,
and contains a sequence of new eigenvalues. The local statistics of these new eigenvalues have been
closely studied [RU, K]. In this article, we give a limiting gap distribution for the new spectrum
and prove a sharp asymptotic for the frequency of small gaps.

Let T3 := R3/(27Z)? denote the three-torus. The positive Laplace eigenvalues are the integers
m > 0 such that r3(m) > 0, where

rg(m) := #{v € VAR MQ =m}.

The multiplicity at m is r3(m). Fix a point o € T3. The Hamiltonian with a point scatterer is
formally written as
Hy o= —A+ ad,.

It is defined rigorously through a nontrivial self-adjoint extension of the Laplacian restricted away
from 0. We use ¢ € R for the fixed extension parameter in the spectral equation (2.1). The formal
coupling a will not be used below.
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Between every two consecutive distinct old eigenvalues there is exactly one new eigenvalue. Thus
the new eigenvalues interlace the old ones. Write

Al(C) < AQ(C) < -

for the positive new eigenvalues in increasing order. The new spectrum has density p := 5/6, as
recalled in Section 2.2. Its mean-one spacings and empirical spacing measure are

5 . 1 Y
5i(0) = (A (@) =A@, ui = 5 D60
J=1

Theorem 1.1. There is a probability measure p on [0,10/3] such that, for every fized c € R,

W = u (N> o). (1.1)

The limit is independent of ¢, has mean one, and satisfies 1({0}) = 0.

The convergence in (1.1) requires no averaging over the interaction parameter. In particular, at
every continuity point s of F'(s) := u([0, s]),

SIS N 50 <5} — Fo),

An explicit description of p is given in (6.1). The bounded support comes from interlacing.
Our second result concerns the mass that this law assigns to small gaps.

Theorem 1.2. There is a continuous, strictly positive, one-periodic function ¥V such that

F(s) = U (logy(s7%)) +o(s”) (s 0). (1.2)

In particular, F(s) =< s°.

This gives a strong form of level repulsion: the limiting law assigns mass of order s° to [0, s].
For comparison, the cumulative Poisson spacing law is of order s, and the GOE law is of order s?
near zero. The periodic coefficient reflects the powers of four in the three-squares problem.

1.1 Relation to earlier work

The model originates with Seba [S], who studied a rectangular billiard with a point interaction and
observed spectral and eigenfunction behavior associated with quantum chaos, despite the essentially
integrable classical motion. Shigehara [Sh] clarified the role of the coupling: in two dimensions,
the regime displaying repulsion requires the extension parameter to vary with energy. A fixed
extension has a different high-energy limit. The toral model replaces the billiard boundary by
periodic boundary conditions.

Rudnick—Ueberschéar [RU] made this distinction precise using a trace formula. In two dimensions
and at fixed coupling, the new levels approach the distinct old levels on the mean-spacing scale.
Consequently, their limiting spacing distributions agree whenever either exists. In three dimensions,
they proved instead that the mean old-to-new displacement is asymptotic to half the mean old
spacing. This provides information about the average displacement without determining the spacing
distribution.



For the cubic three-torus, Kurlberg [K] proved that the upper asymptotic proportion of gaps
at most s is O.(s*7¢) for every € > 0. This bound does not assume existence of a limiting spacing
law. His argument relates small gaps to unusually small normalized multiplicities and identifies
divisibility by large powers of four as the principal arithmetic mechanism. Kurlberg also discusses a
sixth-order heuristic; the fifth-order law here comes from analyzing the regular Green value together
with the central multiplicity and the slope.

Alongside this work on the distribution of the eigenvalues, the distribution and shape of the
new eigenfunctions have also been studied. Kurlberg—Ueberschir proved quantum ergodicity on
arithmetic tori and, in contrast, established superscars on Diophantine irrational tori [KU1, KU2].

Our proof uses comparison with an arithmetic probability model which is in the spirit of
Kurlberg-Lester [KL], who proved Poisson angular spacings for lattice points on circles along a
density-one sequence of admissible radii. Their observable and limiting law are different. In the
present problem, the congruence model preserves the dependence between neighboring multiplicities.

1.2 Proof outline

There are two separate parts. For convergence, put

a(n) := ;;(;)ﬁ’ Py(u) := M2#{z mod M : |z]* =u (mod M)}.

The second-moment formula of Choi-Kumchev-Osburn [CKO] gives, with Mg :=lem(1,...,Q),

- 2 -1
)}gnoo % n;X la(n) — Ppp(n)]” < Q.

The new eigenvalues solve G()\) = ¢, where

G(\) = ng(n) (niA - nQZ_ 1)

n>0

is the regularized scalar Green function. A weighted discrete Hilbert transform transfers the
approximation of a to this spectral equation:

Gm+z)—c T w(z —b)
~— Pur, (m +b) cot ———=.
27TV m MQ bmgMQ ¢ MQ

We take the limit on the profinite integers. Its surviving poles agree almost surely with the three-
squares criterion; consequently its two zeros adjacent to the central pole determine the limiting
spacing law.

We next explain the small-gap argument. Fix a realization H of the limiting Green function for
which the origin is a pole. Let —u < 0 < v be the two zeros adjacent to this pole, and put d := u+wv.
Thus d is the gap whose distribution we study. Near the origin we write

H(z) = —g +h+ Dz + O(Dz?),

where R > 0 is the magnitude of the residue, h is the value at the origin of the regular part of H,
and D > 0 is the derivative of the regular part. Solving the corresponding quadratic equation gives

Vh?+4DR

d=q+0(¢*), q:= 5



Consequently, a gap of size at most s requires both
R < Ds?, |h| < Ds.

The residue inequality R < Ds? is controlled by the 2-adic coordinate. Conditional on the
presence of the central pole, let £ > 0 be the integer for which this coordinate is divisible by 4¢ but
not by 4‘*1. Then

R=2"Ry, P{l=n)=547",

where Ry is a positive random factor whose law does not depend on ¢. The scale R = s? therefore
has probability of order s*. We then prove that the regular value h, with the necessary weights
in D and Ry, has a continuous density which is positive at zero. Hence the restriction |h| < Ds
contributes one further factor of s. This gives the fifth-order law; the discrete choices of ¢ produce
the periodic factor in (1.2).

Notation

Write e(x) := €2™® and let 15 denote the indicator of E. For a prime p, v,(u) is the p-adic valuation,
with v,(0) := co. The symbols f < g and f = O(g) mean that |f| is bounded by a constant multiple
of g; subscripts indicate permitted dependence. We write f =< g when both inequalities hold.

For 2 := C\Z, O(2Z) denotes the holomorphic functions on 2, with locally uniform convergence.
If K C 2 is compact, || f||x := sup,cg | f(2)|. Principal values are symmetric:

PV by ::le > by

i
_>
kez k<L

2 Preliminaries

2.1 The spectral equation

Translation of the torus moves the scatterer to the origin without changing the spectrum, henceforth
we take o = 0. The eigenfunctions of —A are e?® (we refer to the spectrum of —A without any
singularity as the free spectrum), with eigenvalues |v|2. On each free eigenspace, evaluation at
the origin has a kernel of codimension one. This kernel is the surviving old eigenspace. The new
eigenfunctions are multiples of the Green function

1 eiv-:v
2m)3

gw(.%') = ( =, ‘U‘Q '

with convergence in L? when w is off the free spectrum. The regularized value at the scatterer gives

the scalar spectral equation; see [RU, K] for the self-adjoint extension construction.

Put 5
r(n) :=rs(n), S:={n>0:r(n) >0}, p=g

Gw)=c,  where  G(w) :zZr(n)(niw— n ) (2.1)



This is the spectral equation for a fixed nontrivial self-adjoint extension, in the normalization used
here; see [K]. For a compact set of w away from the poles and large n,

1 n -2 -2 —1/2
— < , E KLY / .
n—w n?2+1 K nvyr(n)n

The second estimate follows from the elementary lattice bound -, .y r(n) < Y3/2. The dyadic tail
is summable, so the series converges locally normally. Differentiation gives

G'(z) = ZM > 0.

PRy
= (n—x)

At consecutive poles, G runs from —oo to 400, which proves interlacing and simplicity of the new
eigenvalues. For m € §, m > 0, write m_ and m4 for the previous and next elements of S. There
is exactly one solution A, (c) € (m—, m). This pole labeling differs from the ordinal labeling A;(c)
in the introduction: if m; is the jth positive represented integer, then A, (c) = A;(c). Set

5m(€) 7= (s (€) = Am(@),  N(X) 1= #(5 1 (0, X)).

We study only the new eigenvalues, counted once each. In the proof, s,, is indexed by the pole m;
thus sp,; is the jth gap.

2.2 Arithmetic normalization

The three-squares criterion and the disjointness of its exceptional progressions give

N\S=| [{4*(8b+7):b>0},

a>0

° Y47+ O(log(2X)) = % + O(log(2X)).

X - N@X) =3
a>0

Here the finitely many progressions meeting [1, X|] each contribute an O(1) error; the remaining
geometric tail contributes O(1). In particular, N(X) = pX + O(log(2X)).

The three-squares criterion gives old gaps between 1 and 3. Moreover, m — 1 and m + 1 cannot
both be omitted, so my —m_ < 4. Interlacing therefore gives

0 < sm(c) <4p=10/3. (2.2)

Finally, three squares summing to a multiple of four must all be even. Dividing their coordinates by
two gives
r(4n) 1 r(n)

r(4n) = r(n), ordin  22nvn

2.3 Congruence probability
The profinite integers form the set of infinite sequences satisfying the usual congruence conditions:
7 = {(ur)m>1:up € Z/MZ, uy =up (mod M) if M | N}.

By the Chinese remainder theorem R
Z

|%

11%,.
p
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Here Z, is the ring of p-adic integers. Normalized Haar measure is characterized by
1
P(U=0b d M)) =—.
(U=b (mod M) = —
Thus the coordinates U, are independent, and an M-periodic function P satisfies
1
EP(U) = — P(b).
) =5 > PO
b mod M

The translates U 4 k use the same coordinates and are dependent. We use E, P, and Law for
expectation, probability, and law.

3 Periodic approximation of the multiplicities

For n > 1 and M > 1, define

a(n) := 27;:%,

Thus Py is nonnegative, M-periodic, and has mean one. For a sequence b(n) define the mean-square
seminorm (the Besicovitch seminorm) by

. 1
]| & = lim sup ~ > b))

Lemma 3.1. Let C := 47%/(21¢(3)) and Mg = lem(1,...,Q). Then

Py (b) := %#{v mod M : [v?=b (mod M)}.

1
la=Pul3=C-+: 3 Puly, (31)
b mod M

-l < 0t
The limsup in (3.1) is a limit.
Proof. Set As(x) := Y 1<p<, r(n)? and k := 87%/(21((3)). The input from [CKO] is
As(x) = ka?® + o(x?).

Partial summation gives

Z a(n)? = CX + o(X), C=—. (3.2)
272
1<n<X
Lattice counting in a fixed congruence class gives
A R3
#{z v+ MZ3: |z| <R} = 8 4 Op(R? +1).
3M3
Summing over the classes representing b and applying partial summation yields
47 Pps(b
S or(n) = %x?’ﬂ +Ou(X +1),
0<n<X
n=b (M)
Py (b
S aln) = AX;)X +On(VX +1).
0<n<X
n=b (M)



Consequently
1

lim X Z a(n)Py(n) = lim — Z Py(n)* = Z Py(b

X X
T A SX —oo X M, i

Expanding the square and using (3.2) proves (3.1), including existence of the limit.
Put S(q, h) := 3", mod ¢ €(h?/q). Character orthogonality gives

Py(n)=M"2 Y S(M,h)*e(—hn/M).
h mod M

Writing h/M = h'/q in lowest terms and using S(M, h) = (M/q)S(q,h’) gives

=> Z cone(=hn/q),  cqn:=q>S(q,h)". (3.3)

q|M h mod ¢

The star means (h, q) = 1, with the constant term included at ¢ = 1. Squaring out and again using
orthogonality then gives
1

= Y Pu®? =Y Y el

b mod M q|M h mod q

The quadratic Gauss-sum evaluation (see [BEW, pp. 18-28]), for (h,q) =1, is

q, qodd,
\S(q,h)\2: 0, ¢=2 (mod4),
2q, 41|q.

For each ¢, this magnitude is independent of the ¢(g) choices of h coprime to ¢q. Hence the total
energy factors as

S Y leanl - Z¢+Qﬂ

q>1 h mod ¢q q>1 q>1
q odd 4|q

— |1+ v el
v>2 q odd q

_ 4 6¢(2) 4
T37¢B3) 21B)

Here - 51 ¢(q)q™* = ¢(2)/¢(3) and its factor at two is 1+ 3,5, 2771273 = 7/6. Every ¢ < Q
divides Mg. Therefore

oq%W%:zimﬁgzgszw<Qa
>Q

@Mg h >Q

O]

Remark 3.2. The exact matching of the two second-moment constants is essential. Knowing just an
upper bound for 3 7(n)? would not prove that the periodic approximation error tends to zero.



4 The periodic Green function

The periodic Green function is

M-1 B
(HyP)(u, z) := —% Z P(u + b) cot (W(zj\/jb)) , z€ 9 :=C\Z, (4.1)
b=0

where P is an M-periodic sequence and u € Z/M7Z. For P = Py, this is the scalar Green function
of the periodic arithmetic model. The weights Py (u + k) retain their arithmetic correlations.

To see where this function comes from, write A = m + z in the spectral equation and use
r3(n) = 2my/na(n) for n > 1:

GQ(Z/—%Z): 27rfm+z Z\/7 (n— —z_nQ?:—l)'

n>1

Replace a by Py and set n = m + k. For fixed k, the factor \/1 + k/m tends to one. This suggests
the local model

P k
pv Y PR g gy om. ).
her ko

The cotangent identity and the passage to this principal value are proved below. In particular, the
regularized distant terms leave no additional constant in the limit.
Write Pg := Py, and put

G(m+z)—c
2ry/m

The main result of this section transfers the mean-square approximation of the multiplicities to the
spectral equation.

Ho(u,2) == (HuoPo)(u,2),  F9(z):=

Lemma 4.1. For every compact K C 9 and fixed c € R,

. 1 ¢ _
o 5|0 -t sexat

We prove three auxiliary lemmas before returning to the proof of Lemma 4.1. To transfer
approximation errors, define the linear operator

\/>n§>:1fb (n—rln—z_n;:bkl)'

G(m+ z) 1

— = (T. - T.,a—T,Pp=T,(a — Pp).

oy O sy e Ble=Tla—R)

For ||b]| 3 < o0, the series converges locally normally on 2 by Cauchy-Schwarz on dyadic blocks: we
have 3, <y [b(n)|* = Oy(Y), and the regularized kernel is O 1c(n3/%).

(T20)(m)

Thus

Lemma 4.2. For every compact K C 9, there is a constant Ck, independent of b, such that

. 1
limsup— > sup |(T:b)(m)[* < Cx [|b]|5 -
X =00 X<mS2Xz€K



Proof. Let B := ||b|| 5 and fix € > 0. There is Y such that

S )P < (BP+e)Y (Y =2Yp). (4.2)
n<Y
Throughout, m € (X,2X], z € K, and X is sufficiently large in terms of K. Split the sum into
n < X/2, X/2<n<4X,and n > 4X.
The middle range. Set fx(n) := /nb(n)1x/24x](n), extended by zero to Z. Writing k = n —m,
decompose

—1/z, k=0,
z/[k(k —2)], k#0.
Since K is compact and avoids Z, the finitely many small denominators stay away from zero, while

r.(k) = Ok (k=2) for large |k|. Thus sup,cx [|7z|[t < oo. The discrete Hilbert transform and
Young’s inequality give

Z ix fonz—kk + > ra(k) fx(m+ k), 'rz(k)::{
k0 kEZ

2

fx(n
S5 A < el
meZ | n
Since m > X and n < 4X on the support of fx,
1 f ?
x( Ck )2 2
3 2 Z —| =% Z n)l” <k B”+e.
X<m<2X n<4X

The regularizing term is controlled by Cauchy—Schwarz:

1 Z n3/2b(n)
vm n?+1

X/2<n<4X

2
1 1
< = Z b(n)? Z o< B? t¢.

n<4Xx X/2<n<4X

The upper tail. Write the regularized kernel as

_n 1+n(m+ 2)
Km,z(n) T \/;(n_m — Z)(TL2 + 1)

For n <Y > 4X it satisfies | Ky, .(n)| < CxvX Y~3/2. Hence

1/2
S Ko (n)b(n)] < CxVX Y™ S”f(Z\b )

nxY nxY

< Cx(B*+ )2 (X/v)Y2.

Summing over Y = 274X gives Ok ((B? 4 £)/?). The subtraction must be combined with the
resolvent in this range.
The lower tail. On n <Y < X/2, its two kernels satisfy

_ v Vn/m <K Y1/2X—3/27 n 2” < X V2y-1/2,
|In —m — z| mn?+1

By (4.2), the corresponding block sums are at most

Cr(B?+e)V2(Y/X)*?,  C(B?+e&)Y2(v/X)V2.



Their dyadic sums converge. The fixed set n < Y contributes 0,(1). Together these estimates prove

1
lim sup — Z |T.b(m)|> < Ck(B? +¢).
X200 2 xom<ox

To pass to the supremum, cover K by finitely many discs B(z;,7;) with B(z;,2r;) C 2. For
any holomorphic f on the larger discs, the submean inequality gives

sup  [F()P < — |F(w)[? dA(w).

2€B(z;.5) i JB(z 2r))

Apply the uniform finite-X estimates above under these area integrals, then take X — oo and
el 0. =

Lemma 4.3. For every M -periodic sequence P,

(HamP)(u,z) = lim PE:_FIC)
L—oo k<L —Zz

Convergence is locally uniform for z € 9.

Proof. For k = b+ Mj and ¢ := (z — b)/M, the cotangent partial-fraction expansion [DLMF,
Eq. 4.22.3] gives

Y
P - = =T cot(n0).
VZb+M]—Z V]E%]— a7 <)

The cutoff |b + Mj| < L differs from a symmetric j-cutoff by at most two terms, each O (L™1).
Summing the M residue classes proves the formula. Pairing positive and negative j leaves an
Ok (572) tail, which proves local uniformity. O

Lemma 4.4. For every fized M -periodic sequence P and compact K C 9,

Sg}g (T.P)(m) — (HmP)(m,z)] — 0 (m — o0).

In particular there is no additional real constant in this limit.
Proof. Write w := m + z. The elementary identity

al

1 n w 1

n—w_n2+1):\/ﬁ(n—w)+\/ﬁ(n2+1)

gives

sz(m)=<1+;> s D DV AR o o, m12), (4.3)

k>1—m k—=2

Split P = P + P,, where P, is periodic with mean zero.
Its interval sums satisfy sup, | S0 Py(n)| < Cp. For L > 2supy |z| + 2 and gy, -(t) :=

Vm/(Vi(t —m = 2)),

Y Vi
Im.: (1) = C232(t—m—2z) Vit —m — 2)?

10



Splitting at m/2 and 2m gives the variation bound

|Gm,= (V)| + |gm,=(m — L)| + |gm,(m + L)| + (G ()| dt <pe M~ + L7
[1,m—L]U[m+L,00)

Summation by parts therefore shows that the weighted tails in (4.3) are Op i (L™ + m~1/2). The
unweighted periodic tails are Op g (L™1) by the same argument with (t —m — 2)~%. On |k| < L,
m/(m+k)=1+4+ O(L/m).

Take m — oo and then L — oo to obtain the required limit for F.
It remains to treat P = 1. On |k| > L, replacing (k — z)~! by k! costs at most

CKZW

<g L' +m™t.
n>1 (n —m)?
|n—m|>L

To control the signed tail, put

= n—m
[n—m|>L

For fixed 0 < ¢ < 1/2, its portion with |n/m — 1| > § is a Riemann sum:

Z vm/n t=1/2

— L; = /
m (0,1=8]U[14+6,00) T — 1

The endpoint bounds near zero and infinity are respectively O(y/€) and O(R~/?), uniformly for
the sums and integrals. The intervening paired terms satisfy

dt.

n —
|n/m—1|>6

-1/2 _ (1 _ —-1/2
Z (1+k/m) . (1 —Fk/m) < 6.
L<k<dém
Finally,
o 2dv v— 1]
limls =P =11 =
gﬁ)lé V/o v —1 [Ogv—i—lh 0

Thus limsup,, | R, 1| < |I5| + C9, so Ry, 1, — 0 for fixed L. Restoring z and the local terms, then
letting L — o0, gives
1
T.1(m) — PVZ —— = —7wcot(mz).
-z
keZ
All estimates are uniform for z € K; no constant remains. O

Proof of Lemma 4.1. The definitions give the exact identity
1 c

F9(2) = T.a(m) — ST oy

Therefore
F{)(2) = Ho(m, 2) = T.(a — Po)(m) + (T.Po(m) — Hg(m, 2))
1 c
2ry/m(m+z)  2my/m’
The squared mean of the first term is O (Q ') by Lemmas 3.1 and 4.2. For fixed @, the second

term tends uniformly to zero on K by Lemma 4.4. The final terms are O (m=3/2) and O,(m~'/2).
Apply |21 + -+ 24|> <43, |2;|? and take the limsup. O

11



5 The limiting meromorphic function

Let Q := Z with normalized Haar measure, and let U be its coordinate random variable. For M | N,
averaging over the N/M lifts of a residue b (mod M) gives

E[Pv(U)|U=0b (mod M)|= %%#{m mod N : [z>=b (mod M)}
3
= % (]\J\;) M? Py (b) = P (b).

Since Mg | Mg+, this is a martingale identity. Its second moments obey
EPQU)?<C,  E|Py(U)— Po(U)? =EPy(U)? —EP(U)* (Q > Q).

The L? martingale convergence theorem [D, Theorem 4.4.6, with p = 2] therefore gives a nonnegative
limit A, with

Py — A in L? and almost surely, EA=1, EA’=C, EA-Pyl>< Q" (5.1)
Lemma 5.1. Up to a Haar null set,

AU)>0 <<= Uy¢ |J4%7 +8Zy).
a>0

Call this event E and set I (U) := 1g(U + k). Then P(E) =5/6. Simultaneously for all integer k,
AU + k) > 0 if and only if I (U) = 1, almost surely.

Proof. The issue is strict positivity; nonnegative martingale convergence alone does not settle it.
We compute the local factors B, (u) := lim, o0 Ppr (u).
For odd p, let

Ny(u) :=#{zx € (Z/pZ)® : |z =u (mod p)} = p*P,(u).
Character orthogonality and the quadratic Gauss sum give

Np<u>=p2+p(p“) (W£0 (modp),  N(0)=p?.

Every nonzero solution modulo p is nonsingular, and each such solution has p2(*—1 lifts to a specified
right-hand side modulo p”. When p | u, there are p? — 1 primitive solutions. The imprimitive
solutions have the form 2 = py; if p? | u their normalized contribution is

p 3 #{y mod P2 ly 2 = u/p2 (mod pl’*z)} = pileufg(u/p2).

It follows that, for u # 0,

L+p~ (59, vp(u) =0,
Bp(u) = 41 —p~2, vpu) =1,
L—p 2 +p ' Bp(u/p?), wvp(u) =2

At u = 0, the limiting value is 1+p~'. The same finite-level recursion, and then bounded convergence,
give
1-p ' < Bp<1 +p7Y EBp(Up) =1, E(8p(Up) — 1) <p>

12



A similar recursive argument at the prime two yields, for u = 4%ug with 4 1 ug,
3/2, wp=1,2 (mod 4),
Pa(u) =271, up =3 (mod 8), B2(0) = 0. (5.2)
0, up =7 (mod 8).

Finite densities are bounded by 3/2, so Ef2(Uz) = 1 and E[3,(Up,) | Up mod p”| = P, (Up,) for all p.
The odd-prime product W := ][~ 8,(Up) converges in L?, since

E I o= I (0w <1
2<p<Y 2<p<Y

For strict positivity, Taylor expansion and independence give

> |Elog B,] < oo, > Var(log 8,) < oo.

p>2 p>2

The centered logarithmic partial sums are an L?-bounded martingale. Their almost-sure convergence
shows 0 < W < oo almost surely. By the Chinese remainder theorem,

B(U) := B2(Us)W, E[B | U mod M| = Py (U).
The congruence sigma-fields generate the Borel sigma-field of Z; hence A = B in L? and almost
surely. Formula (5.2) now proves the assertion, apart from the null set Uy = 0. Finally,
1 1
P(A=0) = =-.
( 0) Z 8-4¢ 6

a>0

Translation invariance and a countable union of null sets give the simultaneous assertion for every
keZ. O

Lemma 5.2. Let M > 1 and let b be an M -periodic complex sequence. For every compact K C 2,

Y bl < TS b, (53)

u mod M u mod M
where C is independent of M and b. If M | N and b is M -periodic, then Hnb = Harb.

Proof. Recall from (4.1) that Hjs acts on M-periodic sequences, and that Lemma 4.3 gives the
principal-value representation

b(u—l—k)‘

(Harb)(u,z) =PV Y i

keZ
We first prove an L? estimate for this operator. Let

Xr.v(u) :=e(ru/M), b(r) = % Z b(u)e(—ru/M), 0<r<M.
v mod M

Thus b(u) = Z,{Elg(r)ng(u). Applying H s to a character and using Lemma 4.3, we find

(HMXT,M)(uv Z) = XT,M(u)mZ(r/M)7 mz(e) =PV Z Z(ﬁez :

kEZ
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Each Fourier character is an eigenfunction of Hjs, and the multiplier m, () is the scalar by which
that character is multiplied.

We record the scalar explicitly. For r = 0, the cotangent partial-fraction formula gives m,(0) =
—meot(mz). If 1 <r < M, then (4.1) gives

m,(r/M)=—— Z (ra/M) cot ((zj\;a))

To evaluate the finite sum, set w := e(1/M) and ¢ := e(z/M). Writing the cotangent in exponential
form and summing a geometric progression gives

I ol (W 1 a)> iy e 2
w" co =2i =

— M _
a=0 M a=0 C w C 1

Since ¢M — 1 = 2ie™* sin(72), this proves

PVZk

kEZ

(5.4)

—7 cot(mz), 6=0,
T —we™ D2 /gin(rz), 0<6<1.

Here and below 6 is represented in [0,1). If K’ is a compact subset of 2, then sin(7z) is bounded
away from zero on K', while |¢!™(20~1)2| < 782 Consequently

sup sup |m;(0)| < oo.
0<6<1 2K’

Fourier inversion and (5.4) now give

(Hab)(u, 2) = > b(r)m (r/M)xrar (u).

For each fixed z € K’, Parseval therefore implies

Y () (w,2) Z [B(r) 2 (/M)

u mod M

<Ow Y R =S 5 B
r=0

u mod M
It remains to make this estimate uniform in z € K. Cover K by finitely many discs B(z;,7;) such
that B(z;,2r;) C ¥, and put K’ := U; B(zj,2r;). If f is holomorphic on the larger discs, the
submean inequality gives
2 ~ i 24A
sup  [f(2)]" < —5 [f(w)]” dA(w).

ZEB(zjvTj) 7TTj B(Zj727'j)

Apply this to f(z) = (Humb)(u, z), sum over j, average over u mod M, and use the fixed-w Parseval
estimate under each area integral. We obtain

Y bl ) < S )P,

u mod M u mod M

If M | N and b is M-periodic, Lemma 4.3 represents both transforms by the same symmetric
principal value. This proves the compatibility assertion. O
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Lemma 5.3. There is a random function H(U,-) € O(2) such that, for every compact K C 9,
B Ho(U,) = H(U, )5 — 0. (55)

Almost surely, H extends meromorphically to C, is real on the real axis away from its poles, and
has exactly the poles

{keZ: I (U) =1}, Res,— H(U,z) = —A(U + k).
Between consecutive poles it is strictly increasing, with one simple real zero in each such interval.

Proof. If Q' > @, then Mg | M¢y, and the compatibility in Lemma 5.2 gives
Ho(U,-) = Ho(U, ") = Hum, (P — PQ)(U, ).
The reduction of Haar measure modulo My is uniform, so (5.3) and (5.1) give
E|Hy — Hqly < CkE|Py — Pof* < 20k (E|Pg — AP +E|Pg — AP’) <x Q.

Thus (Hg) is Cauchy in L*(Q;C(K)) for every compact K C 2. Choose a nested compact
exhaustion of & and use the completeness of C'(K) on each member of the exhaustion. The resulting
compatible limits define a random holomorphic function H € O(2) and give (5.5). A diagonal
subsequence converges almost surely locally uniformly on 2. After intersecting with a further
probability-one event, we also have

Po(U+k) — AU +k)  (ke),

simultaneously for all integers k, by (5.1) and translation invariance.
We work on this probability-one event. Fix k € Z and 0 < r < 1/2. The functions

Po(U +k)

JQ’k(Z) =Hg(U,z)+ P

are holomorphic on |z — k| < r: the second term cancels the only pole of Hg in that disc. On the
boundary circle, local uniform convergence of Hg and convergence of Py(U + k) show that Jg
converges uniformly. Cauchy’s integral formula then gives a holomorphic limit J; on the disc and
uniform convergence on every smaller closed disc. On the punctured disc we therefore have
AU+ k
H(U,z) = _(+k:) + Ji(2), Ji holomorphic.
z —
Thus z = k is a pole precisely when A(U + k) > 0, and in that case its residue is —A(U + k).
Lemma 5.1 identifies these integers with I,(U) = 1. Since Hg(U, =) are real valued functions for
x € R\ Z, H({U,z) is real too.
For z € R\ Z and any surviving pole k,

L = S FeUt) | Po(U k)
Bl = L 50 2

The differentiated series is absolutely convergent. Local holomorphic convergence permits differenti-
ation, and passage to the limit gives

H'(U,z) > AU+ k) > 0.

= (h—ay
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By continuity the derivative remains positive at every removable integer point. If £ < [ are
consecutive poles, the residue description gives

H(x) — —oo (z k),  H(x) — +oo (x11),  H'(z)>0.

The intermediate value theorem proves existence and uniqueness of the zero, and the derivative
inequality proves its simplicity. O

6 Convergence of the spacing measures
On the event FE, let
k_ :=max{k <0: [;(U) = 1}, ky :=min{k > 0: [;(U) = 1}.

The residue-class argument proving (2.2) applies equally over Zy: k— > —3, ky < 3 and ky —k_ < 4.
Let Z_(U) and Z4(U) be the unique zeros of H(U, ) in (k_,0) and (0, k4). Define

o= Law (p(Z:(U) ~ Z-(U)) | E). (6.1)

This characterizes the limiting law entirely in terms of congruence counts, cotangents, and Haar
measure.

Lemma 6.1. If m is uniformly sampled from the integers in (X,2X], then

(F£f>,(1s(m+k))_3§ks3) - (H(U, ')’(Ik(U))_ggkgg) (6.2)

in O(Z) with the compact-open topology, times a finite discrete space.

Proof. Equip O(2) with the bounded compact-open metric

d(f7 g) = Zz*] min(]'? ||f - gHK])v

Jj=1
where (k) is a cofinal compact exhaustion. Truncating this series and applying Lemma 4.1 gives

lim limsup Exd(F\9), Hg(m,-)) = 0. (6.3)

Q—00 X 00

Here Ex denotes uniform integer sampling in (X, 2X].
For the pole indicators, put

R-1

JR(U) =1 Z 14[(7+8Z2)(U), LR = 22R+1.
/=0

The function Jg is Lr-periodic. The omitted exceptional classes have Haar mass 4= % /6; counting
these same progressions in an interval gives, uniformly for |k| < 3,

P(Jr(U + k) # Ly(U)) = 47/6,
Px(Jr(m + k) # 1s(m + k) < 4% + X og(2X).

The second estimate uses only O(log X') progressions, each contributing its expected count with an
O(1) error.

16



Choose R(Q) — oo with Lg(g) | Mg. On the Polish space

2 =0(2)x{0,1}",  A((f,9),(g.4)) == d(f, 9) + Lizj,

define
Yx(m) = (B, (s(m + k)jp<s)
Yo(u) == (Ho(u,"), (Jrig)(u + k) <s )
Y (U) = (HU, ), (I(U)) jg<s) -

Equation (6.3), the indicator estimates, and Lemma 5.3 imply

lim limsup ExA(Yx,Yg(m)) =0, EA(Yo(U),Y(U)) — 0.
Q0 X500

For fixed @, equidistribution of integers modulo Mg gives Yg(m) = Yo(U) as X — oo. Testing
against bounded Lipschitz functions and using the two approximation bounds proves (6.2). ]

Lemma 6.2. Suppose meromorphic functions f; with poles only at integers converge locally uniformly
on 2 to f. Suppose each function is real and strictly increasing between its actual poles, with one
zero in each interval between consecutive poles. Suppose also that the pole indicators on [—3,3]NZ
eventually agree with those of f, that 0 is a pole of f, and that the neighboring poles of f lie in
[—3,3]. If all actual residues of f are strictly negative, the zeros of f; immediately to the left and
right of 0 converge to the corresponding zeros of f.

Proof. The neighboring poles eventually equal fixed integers k_ < 0 < k. Any integer inside

(k—,0)U (0, k) is eventually removable for every f;. For a small disc about such an integer, uniform

convergence on its boundary and the maximum principle give uniform convergence throughout the

disc. Thus f; — f locally uniformly on both real intervals, including their removable integer points.
Let z_ be the zero in (k_,0). For every sufficiently small ¢ > 0,

flz— —e) <0< f(z= +¢).

Uniform convergence at these two points gives the same signs for f; when j is large. Its unique zero
z_ ; must therefore satisfy
z-—e<z_j<z_+e.

Letting € | 0 proves z_ j; — z_. The identical argument on (0, k) gives 24 ; — z4. O

Proof of Theorem 1.1. Fix f € C([0,10/3]). We first average over a dyadic interval of integers,
without conditioning the central integer to lie in S. Take any sequence of positive integers X,, — oo.
By Lemma 6.1 and the Skorokhod representation theorem [Bi, Theorem 6.7], copies

Yo = (Fu, (enk)k|<3)s Y = (H, (Ix(U))k)<3)

may be realized on one probability space so that Y,, — Y almost surely. For each n with e, = 1,
let Z, — and Z, + be the zeros of F), adjacent to the origin; when €,9 =0, set Z,, - = Z,, . = 0.
Likewise set Z_(U) = Z4+(U) = 0 off E. These variables are measurable: on an interval (a,b)
between marked poles, the unique zero of an increasing function g is

inf{r € (Q\ Z)N(a,b):g(r) > 0}.

17



The discrete coordinates are eventually equal. On Ip(U) = 1, Lemma 6.2 gives
T — Z_(U),  Zny — Z+(U),
while on Ip(U) = 0 all four quantities are eventually zero. Hence
enof (p(Zn+ — Zn,—)) — Io(U)f(p(Z+(U) — Z-(U)))
almost surely. The variables are bounded by || f|lcc, S0 their expectations converge. Since the

coupled variables retain their marginal laws, these expectations are

n—oo
Xn Xn<m<2X,

meS

i Y flmle) = E[16U) (o2 (0) = Z-O)] = p [ Fdp.

The last equality uses P(E) = p and (6.1). The sequence (X,,) was arbitrary, and changing an
endpoint by O(1) contributes o(1). Hence

% S Fsmle) — p/fd,u (f € €([0,10/3)))-

X<m<2X
meS
Summing dyadically and letting N(X)/X — p then gives
1
v X fwe) — [ fdp. (64)
N(X) 0<m<X

meS

Taking X = my in (6.4) then gives

[ra (C>—1§jf(s-<c>>—>/fd
125 _Nj:1 j M,

which proves (1.1). The limiting function in Lemma 6.1 is the same for every fixed c¢: in the
normalized spectral equation the only c-dependent term is —¢/(2m/m), which tends to zero. Thus
the measure p is independent of the interaction parameter.

The remaining properties of u follow more or less directly from the preceding work. O

7 Level repulsion

Section 6 identifies the limiting measure with the two zeros of H (U, -) adjacent to a pole at the origin.
On the event E := {A(U) > 0}, write these zeros as —u(U) < 0 < v(U) and set d(U) := u(U)+v(U).
Before unfolding, the small-gap distribution is

Fraw(s) :==P(d(U) < s | E), 1([0, s]) = Fraw(s/p).

We shall determine the asymptotic behavior of Fiay(s) as s | 0.
We first derive Theorem 1.2 from the required density estimate and then prove that estimate.
Its strict positivity is proved in Section 8.
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7.1 The local Green function and small gaps

The factorization Z = Zs x [1)>2Zp separates the two parts of the argument. Write U = (t, V),
where t € Zy and V' = (V},),>2 is Haar on

Q, = H L.

p>2

By Lemma 5.1, the limiting residue field factors as

AU + k) = Ba(t + k) T Bp(Vp + k).

p>2

The odd-prime product is positive almost surely. Thus the event E is exactly {82(¢) > 0}, while the
size of the central residue is governed by the 2-adic coordinate. To keep the odd-prime randomness
visible, put

W) =[] B(Vp). Ay(k) == Bo(t + K)W(V + k), Ry := A4(0).
p>2

Here R; is the residue size at the central pole.
We next define the two coefficients that remain after the pole at the origin is removed:

hy =PV Atlik), Dp=Y" A;g(f).

k#0 k#0

(7.1)

The principal value is the symmetric limit in L?(£2,), and D; > 0 almost surely. Separating the

central pole gives
Ry 1 1

k0 z

For Haar-almost every (¢, V') this is precisely the function H(U, z) constructed in Section 5. Indeed,
the identity holds for the periodic approximants; (5.1) and the operator bounds in Lemma 7.4 permit
passage to the limit. Normal convergence away from Z follows from the summable regularized
kernel.

The term —R;/z is the singular part of H; at the origin. After removing it, the function

Ft(z) = Ht(Z) + %

extends analytically across z = 0. We call F; the regular part of H; at the origin. In particular,
F(0) = hy, F/(0) = Dy.
Positivity of the coefficients gives, uniformly for |z| < 1/2,
F/(z) = Di(1 + O(|z])), Fy(x) = hy + Dy + O(Dyz?).

Thus Ry, hy, D; are not auxiliary parameters: they are exactly the pole strength, the regular value,
and the regular slope that determine the two nearby zeros to second order.

On E, let —u; < 0 < v be the adjacent zeros of Hy and put d; := uy + v;. The following
elementary calculation turns the small-gap problem into an inequality involving these three local
coefficients.
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Lemma 7.1. For R; > 0 set

\/h2 + 4D, R,

qt = D,

There exist €9, C > 0 such that
@<e = l|di—ql<Cq,

and
di <ey = | —d|<Cdy.

Proof. Suppress the subscript ¢ and write R, h, D, H, F,u, v, d, g for the quantities above. Thus
R
H(z) = ——+F(z),  F(z)=h+Dz+ O(Dz?),  F'(z)=D(1+0(|z|)).

We first assume that ¢ is small. Replace F'(z) by its linear approximation kA + Dz and consider

H(z) := —E+h+Da:.
x

Its two roots are

T4

_ —h+ VK1 4DR

ro <0< xq, Ty —xT_ =q.
2D + + q

Because the roots have opposite signs, |z4| < g. Moreover,
H(x) = H(z) + O(Dz?),

so that

For |z| sufficiently small,

Moving a distance Cj2% away from z therefore changes H by at least (D/2)Ciz3. If C; is
sufficiently large, this change dominates the error H(z+) = O(Dz%). Hence H has opposite signs
at the two endpoints x4 — Clwi and x4 + Clxi. The true zeros z_ = —u and z; = v consequently
satisfy

2y = x4 + O(z2).

Therefore
d=zy —2- = (24 —2_) + 023 +22) = ¢+ O(¢?).

We now prove the converse. Assume that d = u + v is small. Since —u and v are zeros of H, we
have

R R
(=",  Flu=-
Subtracting these identities gives
1 1 d
F(v)— F(—u) = R ( + ) _ fd
voou U
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On the other hand, the derivative estimate for F' gives
F(v) — F(—u) = / F'(z)dx = Dd + O(Dd?).

Cancelling d from the last two displays yields
R = Duv(1 + O(d)).

Next, the identity F'(v) = R/v and the Taylor expansion of F' give

h+ Dv+ O(Dv?) = R Du(1+ O(d)).

[

Since u, v < d, this implies
h = D(u —v) + O(Dd?).

Consequently,
h% 4+ 4DR = D?*(u — v)* 4+ 4D*uv + O(D?d?)
= D*(u +v)? + O(D?*d®)
= D?d*(1 + O(d)).

Here we used the elementary identity (u —v)? + 4uv = (u + v)?. Taking the positive square root

and dividing by D now gives
q=d\/1+0(d) =d+ O0(d?),

as required. O

For s > 0, define
Qi(s) == {q < s}

Since D; > 0, the definition of ¢; gives the exact identity
S2Dt

Qt(s) = {Rt S s ’ht‘ S (Szl)t2 — 4Dth)1/2} . (73)

In particular,
Sth

Qi(s) C {Rt < } N {[he < 5Dy}

Thus the residue R; must be of order at most s2D;, and the regular value h; must lie in an interval
of length at most 2sD; around the origin.

We now rewrite the residue inequality in terms of the 2-adic coordinate. Conditional on Sa(t) > 0,
there are unique ¢ > 0 and b € {1, 3/2} such that

t = 4%, 41 to, b= fBa(to).
The explicit formula (5.2) gives
P(l=n)=34" (n>0), Pb=1)=1% POb=3/2)=4% (7.4)
The variables £,b,V are independent, and
Ry =27"bW. (7.5)
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Substitution into (7.3) yields

S2l)t

Qu(s) = {szW < . | < (s°D? — 4Dt25bW)1/2} .

2

For an integer n satisfying 27" < s°, we have

For each such index, the permitted interval for h; has length
2(s2D2 — 4D, 2~ bW)"/? < 25D

Corollary 7.3 controls this interval jointly with D; and W and yields the remaining factor s. More
precisely, if
logy(s72) = L+ a, LeZ, 0<a<]l,

and £ = L + j, then
27l =0 gt = i),

The dependence on the fractional part o produces the periodic factor in the final asymptotic.

7.2 From smoothing to the small-gap law

To evaluate (7.3), we need the distribution of h; in an interval of length s, jointly with the variables
D; and W. Moreover, on the relevant classes £ — oo, so t — 0 in Zo. The needed input is therefore
a density in the h; variable that is continuous as (¢, h:) — (0,0), with enough uniform moment
control in D; and W to sum over all dyadic classes.
Put
WwD,W):=1+D+D '+ W+Ww (D, W) € (0,00)%

Call ¢ admissible if 1) € C?((0,0)?) and, for some finite C, m,

|07Y(D,W)| < Cw(D, W)™ for every |y| < 2.
This includes smooth compactly supported tests, constants, and powers of D, W and their reciprocals.
Proposition 7.2. For every admissible 1,

Ey [ (D, W)ei ]| <y (14 €))7/, (7.6)

sup
tEZs

The role of the weight 1 is to retain the dependence of h; on D; and W; an unweighted density
for hy would not control the region in (7.3). Only integrability of the Fourier bound is needed. We
first use the proposition to finish the small-gap calculation. Its proof occupies Sections 7.3-7.5.

Corollary 7.3. There are finite positive measures vy, on (0, 00)? such that
P(hy € dy, (D, W) € dDdW) = dy vy (dD,dW). (7.7)

They are weakly continuous in (t,y) € Zo X R, and for every finite m > 0,

Sup/w(D, W)™ vy (dD, dW) < oo. (7.8)
Ly

For each admissible 1), the density fy(t,y) := [ dugy is continuous.
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Proof. Write Z; := (D¢, W). For admissible 1, the finite signed measure

Mw(B) =By [$(Z)1gnen))|

has integrable Fourier transform by (7.6). Fourier inversion [D, Theorem 3.3.14] therefore gives the
continuous density

Fultoy) = 5= [ e B [0(Z)e ) d.

Lemma 7.5, (7.16), and truncation in w show that the integrand is continuous in ¢ for each ¢; the
majorant (7.6) makes fy jointly continuous in (¢,y).

If ¢ > 0, then Ay is positive, so its continuous density is nonnegative. Thus, for fixed (t,y),
the map v — f,(t,y) is a positive functional on C°((0,00)?), bounded by [|¥]|oo f1 (2, y). It extends
to C.((0,00)?), and Riesz representation gives a finite positive measure v ,,.

Choose smooth cutoffs 0 < xyr < 1 with xg 1 1, equal to one on {w < R} and supported on
{w < 2R}. Positivity of weighted densities gives, for every m > 0,

0 S fl(tyy) - fXR(ta y) = fleR(ta y) S R_mfwm(tay) <m R_m-

Hence v ,((0,00)?) = fi(t,y). More generally, for r > 0,

0 < fwm(t,y) - fwme(ta y) < R_wam"""(ta y)
Letting R — oo gives

/wm dyt,y = fwm (ta y)v Stup fwm (t7 y) < o0,
7y

which proves (7.8); the same cutoff argument extends [ dv, = fy(t,y) to every admissible 1.
Continuity on compactly supported tests, together with (7.8), gives weak continuity of (¢,y) — vy .
Finally, for g € C.(R) and 9 € C.((0,00)?),

[ 9tw) [ 6 dviy dy = Evlgh)v(Z0)
R

and a monotone-class argument gives (7.7). O
The measure relevant to a small gap is therefore

Ve =g = lim vy,
(t,y)—(0,0)

It is finite and has moments of every order appearing below. Section 8 proves that its total mass is
positive.

We can now state the coefficient in the small-gap asymptotic. Put m :=1/5, T3/2 1= 4/5. For
a € R, set n; := 2977 and define

®() := gz 7 Y om / (D? — 4DbWny) '/ v.(dD, dW). (7.9)
JEZ  be{1,3/2}

We prove
Fraw(s) = s°®(logy(s72)) + o(s°). (7.10)

The coefficient in Theorem 1.2 is then

U(a) = p°®(a + 2logy p). (7.11)
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Proof of Theorem 1.2. Let
Q(s) =Plg < s | Ba(t) >0),  logy(s?) =L +a,
where L € Z and 0 < « < 1, and put n; := 2%7J. For £ > 0 and b € {1,3/2} write
Tppy = Byjrp[viyl-

Since 27 = s?n; and 47¢ = 5477]2- when ¢ = L + j, equations (7.4), (7.5), (7.3), and (7.7) give the
single identity

Qs 3
8(5) — 1 Z o Z n; //1{z2<D2 4DbW17]}VL+]bsz(dD dW)dz. (7.12)
be{1,3/2} jEZL
>=

The indicator forces D > |z| and D/W > 4bn;. Since (D/W)? max(1, D?) < w(D,W)8, (7.8) gives,
uniformly in every parameter,

[ Lz<ptspiwny) PLsios:(AD,AW) < (14 22) " min(L ;) (7.13)

Consequently
Zn?min(l,n;3)<<1 0<a<l),
JET
o (7.12) has an integrable majorant on Z x R and, in particular, Q(s) < s°.
Now let s, | 0 with «(s,) — ag. For fixed j, L, +j — 0o, and every t in the corresponding
class lies in 4“»t77Z,. Corollary 7.3 therefore gives

— 0 o —q
VLn_;'_j,b’an > Vy, TIJ(Sn) — n] = 2&0 ].

For each (D, W), the boundary equation 2% = D? — 4DbW?7? has at most two solutions in z; Fubini
shows that the limiting boundary has v,-mass zero for almost every z. After restricting to |z| < R
and w(D, W) < R, the defining inequalities converge uniformly. Weak convergence and the boundary
statement therefore give convergence of the corresponding integrals; (7.13) and (7.8) remove the
truncation uniformly. Dominated convergence in (7.12) now gives

. Qsn
nh—>n;o i )_ 1 77] Zﬂ—b//l{22<D2 4Dan0}dV* dz
n jGZ
77] Zm,/ 4DbW7]?)i/2 dv, = ®(ap).
jEZ

The same majorant proves continuity of ®, while n;j(cw + 1) = 7n;j_1(a) proves one-periodicity.
Compactness of [0, 1] and the preceding subsequence argument give

Q(s) = s*®(logy(s~2)) + o(s”).
Lemma 7.1 gives
Q(s — C5?) < Fraw(s) < Q(s + Cs?).
Continuity and periodicity of ® therefore prove (7.10). Proposition 8.1 gives v, # 0; on a compact
box of positive v,-mass the integrand in (7.9) is positive for all sufficiently small ;. Thus ® > 0, and

continuity and periodicity give min ® > 0. Unfolding gives (7.11) and (1.2). Finally Theorem 1.1
and Portmanteau [Bi, Theorem 2.1] give, for each fixed s > 0,

hmsup—#{] < N :sj(e) < s} < u(]0,s]) < s°.

N—oo
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7.3 Uniform estimates for the local variables

It remains to prove Proposition 7.2. This subsection establishes two preliminary facts. The local
products and the Green coefficients have moments of every fixed order, uniformly in the 2-adic
parameter t. They also vary continuously with ¢t. We begin by recording the Fourier information on
the local densities that will later produce cancellation.

The Gauss-sum computation used in (3.3) gives, for p odd, v > 1, and (a,p) = 1,

Bp(a/p")| = p~ /2.

The constant Fourier coefficient is one. For ¢, := 3, — 1 this yields

1
ES, =0, |6, <p !, wv,:=E= P p = ——.
p |6p| 'p p %:180( ) oo+ 1)
If pt k — [, the covariance is exactly
E[6p(Vp + k)op(Vp + 1)] = —p_g- (7.14)
Indeed, if
cq(r) =Y elar/q),
a mod q
(a,q)=1

then Parseval expresses the covariance as 3,51 p~*¢pv(k —1). When ptk —1, ¢,(k—1) = —1 and
the terms with v > 2 vanish.
At the prime two, write

Ba(t) = Z ca(a)eq(t).

a€Z[1/2]/7.

For nonzero «, let ¢(a) denote its denominator in lowest terms. The constant coefficient is one,
the coefficients with ¢(«) = 2 vanish, and every coefficient with ¢(a)) = 2¥, v > 2, has modulus
23/29=3v/2 " Consequently

Sle@|=2+v2 Y el <2 (7.15)

& q(a)>2%¢

This series converges uniformly, including at zero.
For a function C on €2, put

Bat + k)O(V + k Balt + k)C(V + k
’HtC::PVkZ 2 >k( ), DC = 2 22( )
#£0 k=0

Lemma 7.4. For 1 < q < oo,
[HCllq + 1D Cllg < CallCllg:
uniformly in t. For £ >0, ift —t' € 4'Zy, then

[He — Hellgoq + |Dt — Dyllg—q <q 27",
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Proof. The discrete Hilbert transform is bounded on ¢9(Z) [BK, Theorem 1.1]. Modulation and
Poisson averaging give the same uniform bound for the kernels rl*le(ka)/k, 0 < 7 < 1. Calderén’s
transference principle [Ca], applied to the shift V — V + 1, therefore gives

rifle(ka)C(V + k)
k

< CollCllg-

q

k+£0

As r 1 1, density of character polynomials gives a strong L? limit. In L?, the uniformly bounded
symmetric partial-sum multipliers identify this limit with the stated principal value.
Expanding the absolutely convergent Fourier series of By gives

1#:Cllg < Cq D le2() [Cllgs IDeCllg < 5D k2[Cllg-
« k#0

If t —t' € 4°Z5, the frequencies with (o)) < 2% cancel. Applying (7.15) to the remaining frequencies
proves both operator-continuity estimates. ]

Lemma 7.5. For any finite set P of odd primes put

BV)= [ BuVp), W :=B(V), D :=D;B.
p odd, p¢P

For every fixed g > 0,

sup B [B(V +k)! + B(V + k) + D"+ D " + [H;B|’| < oo.

Pkt

In particular, W, Dy have uniformly bounded positive and negative moments, and hy has uniformly
bounded absolute moments. For ¢ > 1 and t —t' € 4°Z,,

Hht - ht’Hq + HDt - Dt’Hq <q 2_5. (7~16)

Proof. Taylor expansion gives Eﬁ;fq =1+ Oq(p_Q). Independence and the almost-sure positivity
proved above imply
sup EB(V + k)% < [[O+Cp?) < . (7.17)
Pk P2
Higher moments justify passage to the infinite products. Minkowski bounds D by the summable
weights k~2. For inverse moments choose

{1, t=0,1 (mod 4),
ko :=

(7.18)
-1, t=2,3 (mod 4).

Then Ba(t + ko) = 3/2 and D > 3B(V + kg), so (7.17) also bounds ED " ?. Lemma 7.4 bounds
‘H:B. Taking P = @ proves the assertions for W, Dy, h;, including (7.16); lower moments follow
from Holder. O

The lemma justifies the principal value in (7.1) and the continuity in ¢ used above. Finally,
Ay

(k)
IEZ 12 < 00,
k0

so the O(k~2) regularized kernel gives the normal convergence asserted in (7.2).
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7.4 Independent prime blocks

We now expose a block of large odd primes. After conditioning on all coordinates outside the block,

the contribution of each block prime is independent. Each contribution is small, but the product of

their characteristic functions gives strong Fourier decay. The point of this subsection is to show that

the interactions involving two or more block primes are small enough to retain rather than discard.
Let Y be large, set

P:={p:Y <p<2Y}, N :=|P|<xY/logY,

and let F be generated by the odd-prime coordinates outside P. Remove the block from the
odd-prime product by writing

B(V) = H Bp(Vp), By := B(V + k).

p>2
pgEP
Then
WV + &) = By [T (1+8,(V; + k).
peEP
Put

by = Zp_l < (logY) ™, o? = Zp_2 = (YlogY)™ L.
peP peP

For S C P, put

Ws :=B(V) H 3p(Vp), hs = HiWs, Ds :=DiWs.
peES

Thus S records exactly which block primes occur in a term. The product expansion is exact and
gives
hi=hs+ > hy+R, R:= Y hs. (7.19)
peP |S|>2

Conditional on F, the one-prime terms h, = hy,) are independent and centered. The variables
appearing in the weight 1) have the simultaneous expansion

Z = (D¢, W), 7 .= (DB, B),

and
AZ:=Z-Z=Y (Ds,Ws).
S#o

Conditional on F, each S-term uses only the coordinates in S.

Lemma 7.6. For every fized ¢ > 1,

IR llg <q o, [AZ]lq <q 0. (7.20)
Moreover, for every S C P,
[hsllq + [ Dsllg + [[Wsllq <4 H p_l- (7.21)
peES

The coordinates of Z and Z are pointwise comparable:

ey < % <ebv, ey < — <ebr, (7.22)

SIS
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Proof. Put P :=][,ep(1+p) and Sy := 3> ,cp Jp. Since 3 |dp[ < by = o(1) and 2512, < o2,
|P—1- 8| < 5%+ 0%
In the expansion of ES?", centering removes singleton indices, while for every j > 2,

SES < V0262 < o,
peEP

Hence ||Si1]|q <4 0 and ||P — 1 — S1||; <4 0. Independence of B and the block, together with
Lemmas 7.4 and 7.5, gives

[He(B(P —1—=81))llg <q 0% [De(BP = 1D)lg +IBP ~Dllg <4 0

The same operator bounds applied to B[],cg dp prove (7.21). Finally e=2v < P(V + k) < e and
positivity of the slope weights imply (7.22). O

To prove contraction, we truncate h, to nearby poles. The following Fourier estimate controls
the omitted poles. For an integer K > 1, let

Lic(6) = Z e(k@),

k
0<|k|<K k> K

For every p > 2, K > 1, and real 8, we have
17
};Z Tr(0+a/p))* < Kt +p . (7.23)
a=0

Indeed, the uniformly bounded sine harmonic sums and summation by parts give

. 1 .
|Tk(0)] < min (1, KWHR/Z) 0 ¢ 7Z);

at integers the tail is zero. On a shifted p-grid, at most a fixed number of points lie at each successive
distance j/p from an integer. Hence the left side of (7.23) is bounded by

2
(1+me< % 2)) <p '+ KL

Take K = |Y/4], so 2K < p throughout the block. Set

t+k)B
Mk)k, My = Z lwil,  Xp = Z wrdp(Vp + k), 1p = hp = Xp.

0<|k|I<K 0<|k|<K

Wy 1=

Lemma 7.7. Uniformly int and p € P,

Erlrplieg,) <p Y
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Proof. Fix first a dyadic frequency o of B5(t + k). Write B(6) for the Fourier coefficients of B on
the outside coordinates. Since B has no p-coordinate, the pairs (0, a/p”) are distinct characters.
Parseval gives

2
B(V + k)3,(V, + k)

PV 3 © p

2

=>_1B(0) Z Z " Tr(a+ 0+ a/p")|*.
0 v>1amod p

The terms with denominator p contribute O(p~2(K ~!+p~1)) by (7.23); higher p-power denominators
contribute O(p~*) since Tk is bounded. With K <Y and p < Y, their sum is O(p~2Y ~!). Finally
| B|l2 < 1, and Minkowski sums the dyadic frequencies at cost 2 + /2. O

The truncated term has a variance bounded below on an event determined by the coordinates
outside the block. Indeed, 2K < p, so distinct indices in the truncation are distinct modulo p. The
covariance formula (7.14) gives

Var(X, | F) = (vp +p~ Zwk (Z wk)z . (7.24)
Moreover | X,| < Mg /p, and at the index in (7.18), |wy,| = (3/2)By,. Consequently, if
lwko| > a, Mg <M, p>CM?*/d?
then Var(X,, | F) > cpa?/p?. Also, for each fixed g,
Elwg, | <41,  EMYL <, (log(2K))". (7.25)

The next estimate shows that this variance still gives contraction after the truncation error is
restored.

Lemma 7.8. Suppose centered real X,r satisfy
|X| < M/p, VarX >coa?/p?, Er? < ka®/p*
If TM/p < 1/8 and k is sufficiently small in terms of co, then
|Ee’TXH)| < exp(—c1T?a? /p?). (7.26)
Independence between X and r is not required.
Proof. Let (X',7’) be an independent copy. Since |T(X — X')| < 1/4, symmetrization gives
[eTX — T2 = 2E[1 — cos(T(X — X'))] > ¢T? Var X.

The reverse triangle inequality and |e® — | < |u — v| imply

V2(1 = [EeTXHD2) > ¢TyNar X — 2T|r||s > ¢'Ta/p

for sufficiently small k. Squaring and using 1 —u < e™" proves (7.26). O
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7.5 Proof of the weighted smoothing estimate

We now combine the preceding estimates. Write hy = £+ R, where £ := hg + > cp hp, contains the
independent one-prime terms and R contains all interactions. On a suitable outside event, most of
the one-prime terms contract the characteristic function. A term supported on S C P still leaves all
primes outside S available for this contraction. We therefore retain the linear contribution of every
interaction term and estimate only the quadratic Taylor remainder in absolute value.

Lemma 7.9. Let P be a probability law. Conditionally on a sigma-field F, let (V),)pep be independent,
put N := |P|, and write
=0y + Z Ly,

peEP

where Ly and the £, are real-valued, {y is F-measurable, and ¢, is measurable with respect to
FVo(Vp). Suppose that on an event G € F there is an F-measurable set Pgooa C P, of cardinality
at least N/2, such that

[Bp(eT | F)| <€ (p € Pagoa)-

If Qs € LY(P) is measurable with respect to F\ a(V, :p € S) for every S C P, then

lGeiTZ Z QS]

SCpP

Ep <e NN EplQsl+ Y. EplQsl. (7.27)

1S|<N/4 |S|>N/4

In particular, if P C (Y,2Y], N <xY/logY, v > cT?a?/Y?, and
C
Ep|Qs| < C(1+|T]) [T~
peS

then the left side of (7.27) is

T2CL2 /
C(1+|T — DAY
< C(1+| ]){exp( chogY>+e }

Proof. For |S| < N/4, at least N/4 good coordinates lie outside S. Condition first on F and on the
coordinates in .S, and use the remaining independent factors. This gives

[Ep16Qse ™| < eV 1Ep|Qsl.

For larger S, use the trivial bound and sum. Finally, with b:= 3" cp Co/p < 1/logV’,

C C Y /

I <<t Y Il s Y Gt
p p S,
S peS |S|>N/4peS j>N/4
This proves both assertions. O
Set T := || large. We choose
Y =T K:=|Y/4], a:=T716 M:.=T"Y6l0g(2K). (7.28)

The block scale Y makes the interaction remainder small, while the thresholds a and M retain
enough variance in each one-prime term. Let G be the F-measurable event on which |wy,| > a,
My < M, and

1
i Z;P2||Tp||%2(vp) < ka’/2.
pe
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By Lemma 7.7, (7.25), and Markov,
P(G) <« T206/16 4 =2y —1 <« 7713/8, (7.29)

using moments of order 26. On G, at least N/2 primes satisfy |r,]|3 < xa?/p®. The choice (7.28)
ensures p > CM?/a? and TM/p < 1/8 for large T, so Lemma 7.8 applies to these primes.

Proof of Proposition 7.2. 1t is enough to consider T' := |{| large, since bounded T follows from
Lemma 7.5. Use the block and the good event above, and write hy = £ + R as in (7.19).
For admissible 1, Taylor expansion and (7.22) give

W(2)e TR = p(Z) + Vp(Z) - AZ +iTH(Z)R + &,
where, for some fixed m,
€] < Cuw(Z)™(1AZ] + T|AZ| [R| + T*RP).
By Hoélder, Lemma 7.5, and (7.20),
ElE| <y 0 + To® + T?0* < 0 + T?0*. (7.30)
The retained terms have the supported form required by Lemma 7.9. Namely, put

Qo = 1/’(7)

and, for S # O, - _
Qs = V(Z) - (Ds, Ws) + 1{51>211T%(Z)hs.

By Holder, Lemmas 7.5 and 7.6, and the polynomial growth of ¥ and its derivatives,

C
E‘Qs‘ <Ly (1 + T) =0
peS

for a fixed absolute Cy. The contraction estimate above verifies the good-coordinate hypothesis of
Lemma 7.9. Since ||¢(Z)|l13 <y 1, that lemma, (7.30), and Holder on G give

|E[1!)(Z)62Tht]| <<¢ (1 + T) (G—CTQGQ/(YlogY) + G_CY) + 0_2 +T2O'4 +]P)(GC)12/13 <<¢ T_3/2.
Indeed, the exponential terms are negligible, 02 < T~ 74 T2¢* <« T-3/2 and (7.29) gives
P(G€)'?/13 « T=3/2, This proves (7.6); the argument is identical for either sign of €. O
8 Positivity of the density
Proposition 8.1. The continuous density of hg is strictly positive at every real point:

fi(0,y) >0 (yeR).
In particular vop # 0.

Write h := hg and f(y) := f1(0,y). We combine uniform smoothing under finite changes of
measure with a limit that moves one pole contribution, then average the displacement. Uniform
smoothing allows positivity to pass through the limit.
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8.1 A class of tilted product measures

All prime products in this section are over odd primes. Fix a nonzero integer k., a number 0 < 9y < 1,
and a finite set I of odd primes. For 0 < 4, < 9q define

d 9
T =T+ 08,0+ k), S <L (8.1)
pel pel

These are probability measures with independent coordinates. Each local density lies between 1 — 9
and 1 4+ 9. For a fixed finite I, the full density is bounded above and below by positive constants;
these bounds need not be uniform in /. Use ¥, = 0 off I and write (), for the local law. We write
1Xllgq = (BqlX |V

Let A be the algebra of integer sequences with absolutely summable rational Fourier coefficients,
with norm the sum of their absolute values. The covariance formula gives

myp(k) :=Eq,6p(Vp + k) = UppCp(k — k),

Cpla) :== Zp_gycp” (a), [mpll.a = Ippop =
v>1

1917
p+1

Set (k) =1+ my(k) and &,(V), k) := 6,(V,, + k) — my(k). For any set of indices E,

geL.
A

HMP

peE

Thus the deterministic mean factors have a uniform Fourier norm even when the full Radon-Nikodym
derivative is very large.

Lemma 8.2. For F € A, define

EYF(E)C(V +k KYF(k)C(V +k
k k
k0 |k|>K
Under Haar measure,
|T#Cll2 < C||F| allCl2,
1 Te> 1k (COp) I3 < CIEIICIZp (K~ +p71), (8.2)

where the second assertion assumes that C' is independent of V.

Proof. Expand F' in its absolutely summable Fourier series. Each frequency modulates the operator
in Lemma 7.4 and shifts the argument of Tk in the Parseval calculation of Lemma 7.7. The grid
bound (7.23) is uniform in this shift; the higher conductors cost O(p~*). Minkowski sums the
frequencies at cost ||F'||4 in the norm. O

Lemma 8.3. Let J:={p:Y < p <2Y}, and let F be generated by the coordinates outside J. Put
B(V + k) :=Il,¢s Bp(Vp + k). The exact conditional centered expansion is

h=> he, ¢ ::PVZW T w®) [T &V k).

SCJ k0 peJ\S peS

32



There is an absolute constant Cy > 1 such that, with constants depending only on L, v,

C _
th 2.0 < Cp H =9 Z hg <y Zp 2, (8.3)
peS p |S|>2 2.0 peJ
For every fized ¢ > 0, Eq B(V +k)* <, 1, 1 uniformly in k, J, I. If X,, truncates hgu} to0 < |k| <K,
then
Eqlhl, — X,[> < p (K~ +p7). (8.4)

The first estimate in (8.3) also holds for any finite J, with the same constants.

Proof. Expand the outside tilted primes as well. For S C Jand T C I\ J, put

E:=5UT, By = H Bp, Fsr = H Hp-
pgIUJ pe(IUJ)\E

With the commuting orthogonal projections I, := 1 — Eq,, the term having centered support E' is
Wep =TI | Tesr [ Bo I] 0 | - (8.5)
pEE pEE

This follows first for finite sums and then in L?. The input depends only on E and Haar coordinates,
so comparison with Haar costs only (1+99)Zl. Since ||Fsr|l4 < e, projection and Lemma 8.2 give

1hE 7

20 < CH|Bol3 TT (1 + 9o)vp-
peE

Different centered supports are orthogonal. Summing over T costs the bounded product [ g1+
(14 99)vp), and hence

> A

[S]=2

1hQ130 < [] Cor~2,
peS

2 2
<y [Icr?<e (sz) :

2.0 |S|>2 peS peJ

This also justifies the expansions and applies to any finite J.
For the moments, Taylor expansion gives

Eq,Bp(Vy + k)51 =1 £ gmy(k) + Og(p~2), > |my(k)| < L.
p

Multiplication over independent coordinates proves the claimed bounds. For the tail use (8.5) with
S = {p} and replace Tr by Tr k. Before projection the input C = By [[,er d, is independent of
Vp, so (8.2) gives

5y, 2,55 (COp) 135 < €21 Boll3 [T vep (K~ +p71).
qeT

Comparison on T'U {p}, contraction of the projections, and orthogonal summation over 7' prove
(8.4). O
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Proposition 8.4. All the measures (8.1) satisfy
[Eqe™"| <L, (1+1€)7%/2. (8.6)

In particular their h-densities are continuous and have a common integrable Fourier majorant. The
bound does not involve |I| or the supremum of dQ/dP.

Proof. Put T := |£| and assume that T is large; bounded T is trivial. Use the block J =
(Y,2Y] N {odd primes} and parameters (7.28). Write h = g + R, with {g := he + doped h%}.
The one-prime truncations are

Bo(K)B(V + k
Xp = Z wp,kgp(‘/lbk)? wp,k = M H Nq(k)
0<|k|<K q€J\{p}

The mean products lie between e~ 2%Y and e?¥. On the outside event

Z B2(k)B(V + k)

3B(V +1) > 2a, x

< M/4,
0<|k|<K

we therefore have |w, 1| > a and |X,| < M/p. Since dQ,/dP, > 1 — ¥y,
Vaer X > (1 — ’190) Val“pp X.

Apply this to Y w,,6,(V, + k) and use (7.24): Varg, X, > c¢gya?/p*. Lemma 8.3 supplies the
uniform moment and tail bounds. The argument of (7.29) gives an outside event G' with

Q(G°) <, T, (8.7)

on which at least half the block primes satisfy Lemma 7.8.
Apply Lemma 7.9 under the law P = @, with ¢ = {g. The expansion

eTRe =1+iTRg + &g, |Eq| < AT*RoP,
has the required supported form: take Qz =1, Qg =0 for |S| =1, and Qg = iThCSQ for |S| > 2. By
(8.3), uniformly in I,

<

EqlQs| <9, 1+7T) [] Eql&o| <19, T?0*.

0
peS p
The contraction above verifies the good-coordinate hypothesis. Lemma 7.9 and (8.7) therefore give
|]EQeiTh| <<L,190 (1 + T) (e—cT2a2/(Y logY’) + e—cY) + T20_4 + Q(GC) <<L,190 T_3/2.

This proves (8.6); the estimate is uniform in I. O

8.2 Changing one pole contribution in the limit
Fix A>1and 0 <9 <. Let Qpy use Ip := {p: P <p < P4} and ¥, := ¥ in (8.1). Mertens’

prime sum formula gives > p~! — log A. Define the signed pole contribution

/BQ(k*)
ko

pElp

a. (V) := W(V + k).
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Proposition 8.5. As P — oo,
Lawq,,(h) = Lawp(h+ (A? — 1)a,).
Convergence of characteristic functions is uniform for ¥ € [0,9¢] at each fized frequency.

Proof. Put Bp(V) := [l,¢1, Bp(Vp) and 0% = > opelp p~2 = o(1). The outside coordinates have
Haar law. The conditional mean is

hpg:=PVY_ BM)BZ(V + k)Mpﬁ(k:), Mpy(k) = [ @ +9pCp(k — k).

k;ﬁO pEIp

The centered-support estimate and orthogonality in Lemma 8.3, with J = Ip, give

|h — hpy

|2,0p.0 KA,90 TP (8.8)

The spatial concentration of the mean follows from the Ramanujan-sum identity

pCyla) = —p >+ (1=p ) > " 1pia)-

v>1

Consequently
Mpy(k) = kpy Y ag(d)1{gp_k,}» kpg = [ (1—9/p%),
d

pElp

where ay is multiplicative on Ip-smooth integers and

I —p )t

1):=1 V) = > 0.

aﬂ( ) ) aﬁ(p ) 1_19/]92 >0

Its total mass is uniformly bounded, because
kpw Y ag(d) = Mpg(k) = [ 1 +9/(p+1)) — A” (8.9)
d pelp
uniformly in 9. Also kpy — 1 uniformly.
If d > 2|k.|, the restricted Hilbert sum satisfies
k)Bp(V +k k«)Bp(V + ki _
PV252()P(+)_52()P(+) <d
k ks
k#0
k=k, (d) 9

To see this, remove k = k, and write k = k, + dj. The resulting operator is d~! times a
modulated Hilbert transform along V + V + d, with kernel (j + k./d)~!. Its difference from 1/
has ¢! norm O(|k«|/d). The Fourier norm of B33(k. + dj) is at most 2 + /2, proving the bound. The
same argument is uniform in symmetric cutoffs |k| < L with L > |k.|, so > a9(d) <4 1 permits
interchange of the divisor series and principal value in L?. Since every nontrivial divisor exceeds P,
the total error is O(3 421 ay(d)/d) = Oa(P~'). Hence

. +OL2(P_1).

hpy = kpoHoBp + (Mpy(k.) — kpy)
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All constants may depend on fixed A, k., ¥y and are uniform in ¥. Under Haar, W = BpP,, where
Prp, := [lper, Bp(Vp), and the two factors are independent. Hence

|Bp — W||3 =EB3E(P;, — 1) =EB% ( I a+v) - 1) <L 0.

pelp

The Hilbert bound and (8.9) now give

sup Hﬁp’ﬁ —(h+ (Aﬁ — Day)|l2p — 0.
9€[0,90]

The conditional mean depends only on outside coordinates, which have Haar law under both
measures. Combining this limit with (8.8) proves convergence of characteristic functions, uniformly
in 9 at each fixed frequency. O

8.3 Averaging displacements forces positivity

Proof of Proposition 8.1. Fix y € R and choose € € {1, —1} with P(e(y — h) > 0) > 0, possible since
h has a density. Use k, := 1 for e = 1 and k, := —2 otherwise. Then a, = a, where a := |a,| > 0
almost surely and Ea~! < oo by Lemma 7.5. Choose M < oo with P(0 < e(y — h)/a < M) > 0 and
a smooth probability density r, supported on [0, M] and positive on (0, M). For independent U
with density r, h + eUa has continuous density

9(@) =E[a"r (e~ )/a)] . g(y) >0.

Continuity follows from Ea~! < oco.

Take ¥p := 1/2, A := (1 + M)?, and 9(u) := log(1 + u)/log A. Let Qp := fOM (1) Q p () du.
Its h-law converges weakly to g(z)dz by Proposition 8.5. Their budgets are uniformly bounded, so
Proposition 8.4 supplies a common integrable Fourier majorant. Fourier inversion gives

lop = glle < (27) " [ 1o 31 — 0.

Fix a finite P with gp(y) > 0. Set Cp := (3/2)/'PI. Since dQp/dP < Cp < oo, we have gp < Cpf
almost everywhere, hence everywhere by continuity. Therefore

f(y) > Cplgp(y) > 0.

No uniform bound on Cp is needed. ]

Declaration on the use of artificial intelligence

This paper was developed with assistance from OpenAl Codex in ChatGPT Work, using models
in the GPT-5 family, accessed during September—October 2026. The idea behind the proof was
supplied by the author and these models were used to identify and explore the problem, suggest
intermediate lemmas and proof strategies, perform mathematical checks, and assist with drafting
and revising the text. The author independently reconstructed and verified every argument, checked
the cited sources, and made all final mathematical and editorial decisions. The author takes full
responsibility for the contents of the paper and for any errors.
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