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Abstract
Let X = G/K be a symmetric space of noncompact type, of dimension n and rank r, and

let Y = Γ\X. Sarnak’s local bound for an L2-normalized spherical joint eigenfunction with
regular tempered parameter of size T is ∥ϕ∥∞ ≪ T (n−r)/2. We prove o(T (n−r)/2) locally
uniformly on every quotient. On finite-volume real hyperbolic manifolds this is uniform in
the expanding cusp range y ≤ T β , β < 1/2. If the injectivity radius is bounded below, we
prove the global estimate T (n−r)/2(log T )−r/2.

1 Introduction
Let G be a connected, semisimple Lie group with finite center and maximal compact subgroup
K < G. Let X := G/K be a symmetric space of noncompact type and let Y := Γ\X, where
Γ < G is a torsion-free, discrete subgroup. Let W denote the restricted Weyl group. Write

n := dimX, r := rankX, q := n− r.

Let D(X) denote the algebra of invariant differential operators on X. We say that ϕ ∈ L2(Y )
is a joint eigenfunction if it is a simultaneous eigenfunction of every operator in D(X). Via
the Harish–Chandra isomorphism, the joint spectrum is parameterized by a W -invariant subset
σ ⊂ a∗

C
∼= Cr. To a joint eigenfunction we associate a spectral parameter λ ∈ σ, defined up

to W , and put T = 1 + ∥λ∥. A sequence of directions λ/∥λ∥ is called uniformly regular if it
remains in a fixed compact subset of an open Weyl chamber.

In a letter to Caroline Morawetz [19], Peter Sarnak used a pretrace formula to show that

∥ϕ∥∞ ≪ T q/2, (1.1)

on compact sets. We show that, along regular rays, this scale is never attained.

Theorem 1.1 (Strict Sarnak bound). Let ϕj ∈ L2(Y ) be an L2-normalized spherical joint
eigenfunction with tempered parameter λj ∈ a∗, and put Tj = 1 + ∥λj∥. Assume that Tj → ∞
and that the directions λj/∥λj∥ are uniformly regular. Then, on every compact subset U ⊂ Y ,

∥ϕj∥L∞(U) = oU (T q/2
j ). (1.2)

If, in addition, Y is a finite-volume real hyperbolic manifold, fix standard cusp coordinates and
let Yβ be the compact core together with the parts of all cusps of height y ≤ T β

j . Then, for every
0 < β < 1/2,

∥ϕj∥L∞(Yβ) = oβ(T q/2
j ). (1.3)

In fact, we can improve the upper bound by a logarithmic factor as long as the injectivity
radius is strictly positive.
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Theorem 1.2 (Logarithmic improvement). Under the spectral hypotheses of Theorem 1.1,
suppose in addition that

inf
x∈Y

injY (x) > 0. (1.4)

Then

∥ϕj∥L∞(Y ) ≪
T

q/2
j

(log Tj)r/2 . (1.5)

The implied constant is uniform for spectral directions in a fixed compact regular set. In particular,
(1.5) holds on every compact quotient and on every convex cocompact real hyperbolic quotient.

1.1 The sup-norm problem

For a general compact n-manifold and an L2-normalized eigenfunction −∆u = λ2u, the local
Weyl law gives

∥u∥∞ ≪ λ(n−1)/2. (1.6)

The round sphere shows that this can be sharp: zonal harmonics concentrate at a point. More
generally, Sogge–Zelditch [20, 21] gave precise geometric criteria for maximal growth.

Negative curvature gives one model for improvement. Bérard propagated the wave kernel
to logarithmic time on compact manifolds without conjugate points, which yields ∥u∥∞ ≪
λ(n−1)/2(log λ)−1/2 [1, 7]; Keeler proved a corresponding two-point Weyl law [11]. On a rank-r
symmetric space, resolving the full joint spectrum first replaces the exponent (n − 1)/2 by
Sarnak’s (n − r)/2. Theorem 1.2 recovers Bérard’s bound in rank 1 and saves one factor of
(log T )−1/2 for each spectral coordinate.

There is a different, arithmetic route to small sup norms. Amplification by Hecke operators
gives power savings for special arithmetic eigenbases. On an arithmetic hyperbolic surface,
Iwaniec–Sarnak proved

∥u∥∞ ≪ε T
5/12+ε, (1.7)

against the local exponent T 1/2 [10]. Higher-rank amplification gives further power savings in
particular groups and spectral or level regimes. Such estimates use arithmetic correspondences
and a Hecke eigenfunction. Theorems 1.1 and 1.2 use neither: they apply to every spherical
joint eigenfunction on every quotient in the stated geometric range. The two mechanisms are
complementary.

The opposite problem of constructing large eigenfunctions is equally important. Arithmetic
periods and theta lifts produce sequences with polynomially growing sup norms on compact
locally symmetric spaces [2, 3].

Remark 1.3. The multiplier construction is useful beyond point evaluation. In particular, in
work in progress by the author, the same approach is used to prove a fixed-window quantum
ergodicity theorem in the eigenvalue aspect on a fixed compact quotient. This complements
fixed-window results in the Benjamini–Schramm, or level, aspect due to Le Masson–Sahlsten [15]
and, in higher rank, Brumley–Marshall–Matz–Peterson [4]. The microlocal framework for regular
joint eigenfunctions on compact locally symmetric spaces was developed by Silberman–Venkatesh
[18] and Hansen–Hilgert–Schröder [8].
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1.2 Proof plan and the Green-kernel viewpoint

The starting point for this methodology is the observation that in rank 1, the Green function plays
an important role in estimating spectral mass. This can be seen directly in [9, Chapter 5] and
indirectly in the point-counting argument of Lax–Phillips [14], later developed by Kontorovich
[12], by Kontorovich and the author [13], and in the author’s spectral treatment of horospherical
equidistribution [16]. However, a literal resolvent is poorly adapted to this problem: at the
target eigenvalue it has a pole and its kernel has global support. In higher rank, there is also no
canonical one-variable resolvent that resolves all r invariant operators simultaneously.

The central idea is to replace that resolvent by a positive, smoothed kernel. Write λ = Tc,
where c is the regular spectral direction. We choose a W -invariant Paley–Wiener bump ψ = ψT,c,ϵ

concentrated near the Weyl orbit of Tc and normalized by ψ(Tc) = 1. Taking its spherical
inverse transform β, we set

Φ = β∗ ∗ β, Φ̂ = |ψ|2, Φ̂(Tc) = 1. (1.8)

Thus Φ has unit response on the eigenfunction under study, as a normalized Green kernel would,
but it is positive and has finite propagation. Narrowing the joint window reduces its value at
the identity by the volume of that window. The apparent cost is that the spatial support grows.
Regular spherical oscillation is precisely what makes the nonidentity deck transforms small
enough to pay for that growth. This trade—spectral narrowing against spatial propagation—is
the proof.

The paper implements the idea in four steps. Section 2 fixes the notation and records
the harmonic-analytic and geometric preliminaries, including the qualitative and quantitative
spherical decay estimates and the cusp geometry. Section 3 then constructs the positive peak
by spherical Paley–Wiener theory, derives the four kernel estimates, and proves the positive
pretrace inequality. Section 4 first fixes the bandwidth and then lets it tend to zero, proving
the compact-set little-o estimate. It next sums the rank-one parabolic translates to reach the
expanding cusp range and finally chooses logarithmic propagation to prove Theorem 1.2. The
last subsection isolates the Airy transition that prevents this thick-part argument from becoming
an unrestricted global cusp estimate.
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2 Notation and preliminaries
We collect the notation and background used in the construction before introducing the auto-
morphic kernel. The identity element of G is denoted by e, and dX is the invariant distance on
X = G/K. For a function f on G, write

f∗(g) = f(g−1), (f1 ∗ f2)(g) =
∫

G
f1(gh−1)f2(h) dh.

We write E ⋐ Z when E is a compact subset of Z, and supp f for the support of f . The notation
f̂ always denotes the spherical transform of a K-bi-invariant function, while ∥·∥ denotes the
metric norm on a or its dual norm on a∗. Implied constants may depend on the symmetric space
and on fixed compact regular sets; any additional dependence is displayed by a subscript.

2.1 Structure, measures, and spectral parameters

Fix a Cartan involution of G and write g = k⊕p. Choose a maximal abelian subspace a ⊂ p, put
A = exp a, and fix an Iwasawa decomposition G = NAK. The Iwasawa projection A : G → a
is determined by g ∈ N exp(A(g))K. The Cartan decomposition is G = K exp(a+)K. If
g = k1 expH(g)k2 with H(g) ∈ a+, then

dX(gK,K) = ∥H(g)∥. (2.1)

All norms on a and a∗ below are the dual norms induced by the G-invariant metric on X.
Let Σ+ ⊂ a∗ be the positive restricted roots, mα = dim gα, and W = NK(A)/ZK(A). Since

X has no Euclidean factor, the restricted roots span a∗. Hence

ρ = 1
2

∑
α∈Σ+

mαα, r = dim a, q =
∑

α∈Σ+

mα = dimX − r. (2.2)

We write a∗
reg for the complement of the root hyperplanes. A compact set C ⋐ a∗

reg is always
understood to lie in one open chamber. Thus there is a number ηC > 0 such that

|α(c)| ≥ ηC (c ∈ C, α ∈ Σ). (2.3)

Haar measure on G is normalized compatibly with the Riemannian measure on X = G/K; the
normalization affects only the fixed constants denoted by cX . An L2 spherical joint eigenfunction
on Y is a smooth right K-invariant function ϕ ∈ L2(Γ\G) which is a joint eigenvector for D(X).
By the Harish–Chandra isomorphism its eigencharacter is indexed by a W -orbit in a∗

C. For a
tempered eigenfunction we choose its representative λ ∈ a∗+. Our hypotheses say that λ = Tc
with c ∈ C after replacing T by ∥λ∥; the use of 1 + ∥λ∥ in the statements only accommodates
bounded parameters.

2.2 Spherical inversion, Paley–Wiener theory, and Plancherel growth

For λ ∈ a∗ the normalized elementary spherical function is

φλ(g) =
∫

K
exp

(
(iλ− ρ)(A(g−1k))

)
dk, φλ(e) = 1. (2.4)

4



Changing g to g−1 or changing the sign convention for A gives the equivalent formulas found in
the literature. What we use is that φλ is K-bi-invariant, φwλ = φλ, and, for real λ,

|φλ(g)| ≤ φ0(g) ≤ 1. (2.5)

The first inequality follows directly by taking absolute values in (2.4).
For f ∈ C∞

c (K\G/K) define

f̂(λ) =
∫

G
f(g)φ−λ(g) dg.

Spherical inversion and Plancherel’s formula are

f(g) = cX

∫
a∗
f̂(λ)φλ(g)|c(λ)|−2 dλ, (2.6)

∥f∥2
2 = cX

∫
a∗

|f̂(λ)|2|c(λ)|−2 dλ. (2.7)

We integrate over all of a∗ and absorb |W |−1 into cX .
We use the following precise form of the spherical Paley–Wiener theorem. If F is a W -

invariant entire function on a∗
C and, for every N , satisfies

|F (λ+ iµ)| ≤ CN (1 + ∥λ∥ + ∥µ∥)−N eR∥µ∥, (2.8)

then F = f̂ for a unique f ∈ C∞
c (K\G/K) supported where dX(gK,K) ≤ R. Conversely,

the transform of every such f satisfies (2.8). This is Gangolli’s Paley–Wiener theorem [6]; the
equality between exponential type and metric support uses (2.1).

Two consequences of the Gindikin–Karpelevich product formula will be used repeatedly.
First, globally on the real axis,

|c(λ)|−2 ≤ CX(1 + ∥λ∥)q. (2.9)

More explicitly, if Σ+
0 denotes the indivisible positive roots and α0 = α/⟨α, α⟩, the product

formula and Stirling’s estimate give one-variable factors pα satisfying

|c(λ)|−2 = CX

∏
α∈Σ+

0

pα(⟨λ, α0⟩), pα(s) ≪ (1 + |s|)mα+m2α , (2.10)

with the matching asymptotic when |s| → ∞; by convention m2α = 0 if 2α is not a root.
Summing the exponents in (2.10) gives

∑
α∈Σ+

0
(mα + m2α) = q. Second, for C ⋐ a∗

reg and
∥u∥ ≤ T/2,

|c(Tc+ u)|−2 ≤ CCT
q(1 + ∥u∥)q, c ∈ C. (2.11)

For bounded u one has the sharper asymptotic

|c(Tc+ u)|−2 = T q(
β(c) +OC(T−1(1 + ∥u∥)q+1)

)
, (2.12)

with β continuous and strictly positive on C. To see the exponent, apply Stirling’s formula to
each gamma quotient in the product formula. Every positive root contributes its multiplicity to
the total degree, so the degree is the number q in (2.2). The same argument without asymptotic
expansion gives (2.9) and (2.11).
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2.3 Uniform decay of regular spherical functions

The analytic input is Marshall’s root-product estimate. We state exactly the two consequences
needed below, including the dependence on a growing group-variable compactum.

Proposition 2.1 (Root-product estimate with tracked constants). Let C1 ⋐ a∗
reg. There are

constants A and D depending only on X and C1 such that, for R ≥ 1, t ≥ 1, c ∈ C1, and H ∈ a
with ∥H∥ ≤ R,

|φtc(expH)| ≤ DeAR
∏

α∈Σ+

(1 + t|α(H)|)−mα/2. (2.13)

Proof. For fixed R, this is [17, Theorem 1.3]. We track the constant in that proof. Write

BR = {H ∈ a : ∥H∥ ≤ R}.

The Harish–Chandra formula is

φtc(expH) =
∫

K
b(k,H)eitΘ(k,H,c) dk, Θ(k,H, c) = c

(
A(k expH)

)
,

where b(k,H) = exp(ρ(A(k expH))).
Choose highest-weight representations πj whose highest weights ωj span a∗, with K-invariant

norms and highest-weight vectors vj . After passing to a finite cover of G, if necessary,

eωj(A(g)) = ∥vj∥
∥πj(g−1)vj∥

.

For g = k expH and H ∈ BR,

∥πj(g)∥ + ∥πj(g−1)∥ ≪ eCR.

Applying the chain rule to the preceding formula gives, for every fixed N ,

∥Θ∥CN (K×BR×C1) + ∥b∥CN (K×BR) ≪N eCN R. (2.14)

Marshall’s normal forms are obtained by a fixed number of implicit-function and Morse
changes of variables. At a Weyl critical point, the Hessian in an α-root direction is

1
2⟨c, α⟩

(
1 − e2α(wH)) = 1

2⟨c, α⟩α(wH)u(α(wH)), u(s) = 1 − e2s

s
.

This is [17, Proposition 4.5]. Regularity of C1 bounds |⟨c, α⟩| away from zero, and

|u(s)| + |u(s)|−1 ≪ eCR, |s| ≤ CR.

We retain α(H) in the phase and absorb u(α(H)) into the constant.
The same factor occurs at the other root strata. In the induction proving [17, Theorem 4.7],

the pivot after division by the root coordinate is

−⟨c, α⟩es sinh s
s

= 1
2⟨c, α⟩u(s);

see [17, Lemma 4.11]. The final linear coordinate has derivative

α(HL)⟨Ad(l−1)Hc, V−α − Vα⟩.
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The root factor α(HL) is again retained. By [17, Lemma 4.19], at least one of the remaining
coefficients is nonzero on each resolved stratum. There are finitely many strata, and the variables
l, HL/∥HL∥, and c range over compact sets. Let MR ≥ 1 be the maximum of the required
phase seminorms and inverse pivot bounds. The preceding estimates give

MR ≪ eCR. (2.15)

The chart size follows from the quantitative inverse-function theorem. Suppose that
∥DF (x0)−1∥ ≤ M and ∥D2F∥ ≤ M. On the ball of radius (4M2)−1,

∥DF (x) −DF (x0)∥ ≤ (4M)−1.

The inverse-function theorem applies there, with inverse derivative at most 2M. Repeated
differentiation gives polynomial dependence on M. Since Marshall’s construction has a fixed
number of steps, (2.14) and (2.15) give normal-form charts of radius

δR ≫ e−CR, (2.16)

with coordinate maps and inverses of CN -norm ON (eCN R).
The resolved parameter space for K/M×BR ×C1 has fixed dimension. Its direction variables

range over compact sets, while its H-variables have size O(R). A maximal δR/2-separated set
therefore has cardinality

O
(
(1 +R)rδ−D

R

)
= O(eCR), (2.17)

where D is fixed. The corresponding cover has bounded overlap. Rescaling a fixed bump function
gives a subordinate partition with

∥χj∥CN ≪N δ−CN
R ≪N eCN R.

In normal coordinates, van der Corput gives (1 + t|α(H)|)−1/2 in each root direction, hence
(1 + t|α(H)|)−mα/2 on the α-root space. Away from the critical strata, a fixed number of
integrations by parts gives the same bound. By the preceding estimates, each chart contributes
at most

CeCR
∏

α∈Σ+

(1 + t|α(H)|)−mα/2.

Summing over (2.17) and enlarging A proves (2.13).

Lemma 2.2 (Decay away from the identity). Let C ⋐ a∗
reg, let E ⋐ G \ K, and let U ⋐ a∗.

Then
sup

c∈C, u∈U, g∈E
|φT c+u(g)| −→ 0 (T → ∞). (2.18)

Proof. By Cartan decomposition, E maps to a compact set BE ⊂ a which does not contain 0.
Hence there is ιE > 0 with ∥H∥ ≥ ιE for H ∈ BE . Since the restricted roots span a∗, norm
equivalence gives a constant cX > 0 such that

max
α∈Σ+

|α(H)| ≥ cX∥H∥. (2.19)

For u ∈ U write Tc + u = T (c + u/T ). Once T is large, the directions c + u/T lie in a fixed
compact regular set C1. Apply Proposition 2.1 with a fixed ball containing BE . Choose a root αH
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satisfying (2.19) and discard every factor in the product except its factor. If m0 = minα∈Σ+ mα,
then

|φT c+u(expH)| ≤ CE(1 + TcXιE/2)−m0/2 ≤ C ′
ET

−m0/2.

This is uniform in c, u,H and tends to zero, proving (2.18).

Lemma 2.3 (Quantitative regular decay). Fix C ⋐ a∗
reg and ι > 0. There are δ > 0 and

constants A,M such that, whenever

ι ≤ ∥H∥ ≤ A0 log T, c ∈ C, ∥u∥ ≤ T 1/2,

one has
|φT c+u(expH)| ≤ CC,ι,A0(1 + ∥u∥)M eA∥H∥T−δ. (2.20)

Proof. Write Tc+u = T (c+u/T ). For ∥u∥ ≤ T 1/2, the vector c+u/T belongs, for all sufficiently
large T , to a fixed compact regular set C1 containing C in its interior. Apply Proposition 2.1
with RH = max(1, ∥H∥); the hypothesis on H ensures RH ≤ 1 + A0 log T . By (2.19), some
positive root satisfies |α(H)| ≥ cXι. Keeping only that factor gives

|φT c+u(expH)| ≤ D′eA∥H∥(1 + TcXι)−m0/2, m0 = min
α>0

mα.

Thus (2.20) holds with δ = m0/2 and M = 0. Enlarging the constant covers the bounded range
of T for which c+ u/T has not yet entered C1.

2.4 Orbit geometry

We shall use the following elementary geometric observation.

Lemma 2.4 (Uniform local orbit bounds). Let K0 ⋐ Y and R < ∞. There are ι > 0 and
N < ∞ such that, for every x ∈ K0 and every lift gxK,

dX(gxK, γgxK) ≥ ι (γ ̸= e), (2.21)
#{γ : dX(gxK, γgxK) ≤ R} ≤ N. (2.22)

If infY injY > 0, the constants are uniform for K0 = Y ; moreover one may take

N ≤ CιehXR (2.23)

for a constant hX depending only on X.

Proof. For a torsion-free quotient,

2 injY (x) = inf
γ ̸=e

dX(gxK, γgxK).

The injectivity-radius function is continuous. It therefore has a positive minimum on K0, proving
(2.21) with ι = 2 minK0 injY .

Put p = gxK. Distinct orbit points γp and γ′p are at distance

dX(γp, γ′p) = dX(p, γ−1γ′p) ≥ ι.
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Thus the balls BX(γp, ι/3) are disjoint. If dX(p, γp) ≤ R, each such ball lies in BX(p,R+ ι/3).
Homogeneity of X now gives the explicit packing bound

#{γ : dX(p, γp) ≤ R} ≤ volBX(p,R+ ι/3)
volBX(p, ι/3) . (2.24)

This proves (2.22). The polar-coordinate formula on a noncompact symmetric space shows
volBX(p, s) ≤ CXehXs for s ≥ 1 (one may take any hX > 2∥ρ∥). Inserting this in (2.24) proves
(2.23). If infY injY > 0, the same ι works for every x ∈ Y , so every step is global.

2.5 Real-hyperbolic cusp coordinates

For the global part of Theorem 1.1, let X = Hq+1 in the upper-half-space model. A finite-volume
quotient has a compact core and finitely many cusps. After passing to a finite cover of a cusp
cross-section (which changes every estimate only by the degree of that cover), one cusp is

C = (Λ\Rq) × [y0,∞), ds2 = y−2( dy2 + dz2), d vol = y−q−1 dz dy, (2.25)

where Λ is a full Euclidean lattice. The parabolic displacement is given exactly by

cosh d((z, y), (z + v, y)) = 1 + |v|2

2y2 , d((z, y), (z + v, y)) = 2 arsinh |v|
2y . (2.26)

In particular, for each fixed R,

d((z, y), (z + v, y)) ≍R
|v|
y

when d((z, y), (z + v, y)) ≤ R. (2.27)

Choose the initial horoball precisely invariant under its parabolic stabilizer Γ∞. The depth
function b(z, y) = log(y/y0) is a Busemann function and therefore is 1-Lipschitz. If γ /∈ Γ∞, the
interiors of the chosen horoball and its γ-translate are disjoint. A path from (z, y) to γ(z, y)
must descend through depth zero in the first horoball and enter the second horoball from depth
zero. The Lipschitz property on the two segments gives

d((z, y), γ(z, y)) ≥ 2 log(y/y0). (2.28)

Replacing the chosen cusp neighborhood by a boundedly different one gives the equivalent form
2 log y −O(1) used later.

Take the nonnegative Laplacian. A tempered eigenfunction has eigenvalue q2/4 + T 2.
Expanding in the characters of the torus and solving the resulting ordinary differential equation
gives

ϕ(z, y) = a+
0 y

q/2+iT + a−
0 y

q/2−iT + yq/2 ∑
0̸=m∈Λ∗

amKiT (2π|m|y)e2πi⟨m,z⟩. (2.29)

Indeed, substituting yq/2F (2π|m|y) into the separated radial equation gives

u2F ′′(u) + uF ′(u) − (u2 − T 2)F (u) = 0,

whose solution decaying as u → ∞ is KiT (u). The other solution IiT (u) grows exponentially
and is excluded by L2. For the constant term, put s = log y. If T > 0, then∫ S

log y0
|a+

0 eiT s + a−
0 e−iT s|2 ds

= (|a+
0 |2 + |a−

0 |2)(S − log y0) +OT (1).
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This is the radial L2 integral after the factors yq/2 and y−q−1 dy are combined. It stays bounded
as S → ∞ only when

a+
0 = a−

0 = 0 (2.30)

for every L2 eigenfunction with real T .
Parseval on Λ\Rq, followed by the substitution u = 2π|m|y, gives∫

C
|ϕ|2 d vol = vol(Λ\Rq)

∑
m̸=0

|am|2IT (m), IT (m) =
∫ ∞

2π|m|y0
|KiT (u)|2 du

u
. (2.31)

This identity is the source of the simultaneous control of all Fourier modes in the far cusp.
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3 The automorphic kernel
We now give the construction used throughout the paper. Fix a compact set C ⋐ a∗

reg contained
in one open Weyl chamber. We write the tempered parameter as Tc, with c ∈ C and T → ∞.
When T = ∥λ∥, the vector c is simply the unit direction of λ. The boldface symbol c(λ) below
denotes the Harish–Chandra c-function and should not be confused with the direction c.

Proposition 3.1 (Positive spherical peak). For every fixed 0 < ϵ < 1, all T ≥ T0(C, ϵ), and
every c ∈ C, there is a K-bi-invariant Hermitian function ΦT,c,ϵ ∈ C∞

c (G) such that convolution
by ΦT,c,ϵ is positive on every unitary representation and

Φ̂T,c,ϵ(Tc) = 1, (3.1)
supp ΦT,c,ϵ ⊂ {g : dX(gK,K) ≤ Rϵ}, (3.2)

ΦT,c,ϵ(e) ≪C ϵrT q, (3.3)
sup
c∈C

sup
g∈E

|ΦT,c,ϵ(g)| = oE,ϵ(T q) (E ⋐ G \K). (3.4)

Here Rϵ is independent of T and c.

Proof. We use the spherical transform and Paley–Wiener theorem in the normalization recorded
in Section 2. Choose a real, even, W -invariant Paley–Wiener bump ψ0 with ψ0(0) = 1. Concretely,
take a real, even, W -invariant h ∈ C∞

c (a) with
∫
a h = 1 and let ψ0 be its Euclidean Fourier

transform. If supph is contained in the radius-R0 ball, then for every N

|ψ0(λ+ iµ)| ≤ CN (1 + ∥λ∥ + ∥µ∥)−N eR0∥µ∥. (3.5)

The translate ψ0((λ−Tc)/ϵ) has spectral width ϵ and exponential type R0/ϵ. Since the spherical
transform must be W -invariant, define

ψT,c,ϵ(λ) = d−1
T,c,ϵ

∑
w∈W

ψ0

(
wλ− Tc

ϵ

)
, dT,c,ϵ =

∑
w∈W

ψ0

(
T (wc− c)

ϵ

)
. (3.6)

Because c ranges over a compact set of regular vectors, there is dC > 0 such that ∥wc− c∥ ≥ dC

for w ̸= e. The Schwartz bound on the real axis therefore gives, for every N ,

dT,c,ϵ = 1 +ON,C((T/ϵ)−N ). (3.7)

In particular, dT,c,ϵ is bounded away from zero for T ≥ T0(C, ϵ). Reindexing the finite sum in
(3.6) proves W -invariance, and substituting λ = Tc shows directly that

ψT,c,ϵ(Tc) = 1. (3.8)

By spherical Paley–Wiener theory there is a unique βT,c,ϵ ∈ C∞
c (K\G/K) with

β̂T,c,ϵ = ψT,c,ϵ, suppβT,c,ϵ ⊂ {g : dX(gK,K) ≤ R0/ϵ}. (3.9)

Set
ΦT,c,ϵ = β∗

T,c,ϵ ∗ βT,c,ϵ, β∗(g) = β(g−1). (3.10)
If B is right convolution by βT,c,ϵ, then right convolution by ΦT,c,ϵ is B∗B and is therefore
positive. Moreover,

Φ̂T,c,ϵ(λ) = |ψT,c,ϵ(λ)|2 ≥ 0 (λ ∈ a∗). (3.11)
We derive the four displayed properties in order.
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Derivation of (3.1). Equations (3.8) and (3.11) give Φ̂T,c,ϵ(Tc) = |ψT,c,ϵ(Tc)|2 = 1.

Derivation of (3.2). The product support inclusion for convolution and the triangle inequality
on X give

supp(β∗ ∗ β) ⊂ {g : dX(gK,K) ≤ 2R0/ϵ}.

Thus (3.2) holds with Rϵ = 2R0/ϵ.

Derivation of (3.3). From (3.6), Cauchy–Schwarz in the finite Weyl sum, and (3.7),

|ψT,c,ϵ(λ)|2 ≤ CW

∑
w∈W

|ψ0((wλ− Tc)/ϵ)|2. (3.12)

Spherical inversion at the identity, followed by the change of variables wλ = Tc+ ϵu, therefore
gives

ΦT,c,ϵ(e) = cX

∫
a∗

|ψT,c,ϵ(λ)|2|c(λ)|−2 dλ

≤ Cϵr
∑

w∈W

∫
a∗

|ψ0(u)|2|c(w−1(Tc+ ϵu))|−2 du. (3.13)

The Plancherel density is W -invariant. On ∥u∥ ≤ T/(2ϵ), the regular growth estimate (2.11)
bounds it by CCT

q(1 + ∥u∥)q. On the complementary region we use the global bound (2.9).
Taking the decay exponent in (3.5) larger than 2r + 2q + 2 yields

ϵr
∫

∥u∥≤T/(2ϵ)
|ψ0(u)|2|c(Tc+ ϵu)|−2 du ≤ CCϵ

rT q,

ϵr
∫

∥u∥>T/(2ϵ)
|ψ0(u)|2|c(Tc+ ϵu)|−2 du ≤ CC,ϵ,NT

−N .

This proves (3.3). The factor ϵr is exactly the Jacobian of the shrinking window in the r joint
spectral coordinates, while T q is the regular Plancherel density at Tc.

Derivation of (3.4). Insert (3.12) into spherical inversion and make the same change of
variables. Fix L > 0. On ∥u∥ ≤ L, the normalized density T−q|c(Tc + ϵu)|−2 is uniformly
bounded, and the regular spherical decay proved in Lemma 2.2 gives

sup
c∈C, g∈E, ∥u∥≤L

|φT c+ϵu(g)| −→ 0.

The W -invariance of both the Plancherel density and the spherical functions handles every Weyl
peak identically. Thus the portion ∥u∥ ≤ L, after division by T q, tends to zero uniformly in
c and g. On L < ∥u∥ ≤ T/(2ϵ), use |φλ(g)| ≤ 1, (2.11), and Schwartz decay; the normalized
contribution is at most

CCϵ
r

∫
∥u∥>L

|ψ0(u)|2(1 + ∥u∥)q du,

which tends to zero as L → ∞, uniformly in T . The remaining region ∥u∥ > T/(2ϵ) is
OC,ϵ,N (T−N ) by (2.9). Letting first T → ∞ and then L → ∞ proves (3.4).
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3.1 The logarithmic-scale peak

Lemma 3.2 (Logarithmic spherical peak). Fix C ⋐ a∗
reg and ι > 0. There are δ > 0 and

A,B > 0 such that, for 1 ≤ R ≤ A−1 log T , the function ΦT,c,R−1 constructed in Proposition 3.1
satisfies

ΦT,c,R−1(e) ≤ BT qR−r, (3.14)
supp ΦT,c,R−1 ⊂ {g : d(gK,K) ≤ BR}, (3.15)
|ΦT,c,R−1(g)| ≤ BT q−δR−reAd(gK,K) (3.16)

whenever c ∈ C and ι ≤ d(gK,K) ≤ BR.

Proof. Use (3.6) with ϵ = R−1. The nonidentity terms in its normalizing denominator are
ψ0(TR(wc− c)), so (3.5) gives

dT,c,R−1 = 1 +ON,C((TR)−N ) (3.17)

uniformly for R ≥ 1. The exponential type of ψT,c,R−1 is R0R; after forming β∗ ∗β, Paley–Wiener
therefore gives (3.15) with B = 2R0.

For the identity term use (3.12) and put wλ = Tc + u/R. The Jacobian is R−r. Split at
∥u∥ = TR/2. On the inner region, (2.11) bounds the density by CCT

q(1 + ∥u∥)q; on the outer
region, (2.9) and Schwartz decay apply. Consequently

ΦT,c,R−1(e) ≤ CR−r
∫
a∗

|ψ0(u)|2|c(Tc+ u/R)|−2 du

≤ CCT
qR−r +ON (T−N ),

which is (3.14) after increasing B.
Let g = k1 expHk2 with ι ≤ ∥H∥ ≤ BR. In spherical inversion make the same change of

variables and split at ∥u∥ = T 1/4. On the inner region the spectral perturbation is u/R, whose
norm is at most T 1/4, and Lemma 2.3 gives

|φT c+u/R(g)| ≤ CeA∥H∥T−δ.

Together with (2.11) this part is at most

CT q−δR−reA∥H∥
∫
a∗

|ψ0(u)|2(1 + ∥u∥)q du. (3.18)

For ∥u∥ > T 1/4 we use |φλ(g)| ≤ 1 and (2.9). Given N , the Schwartz bound yields

R−r
∫

∥u∥>T 1/4
|ψ0(u)|2(1 + T + ∥u∥/R)q du = ON (T−N ), (3.19)

uniformly for 1 ≤ R ≤ A−1 log T . The finitely many Weyl peaks obey identical estimates.
Equations (3.18) and (3.19) imply (3.16), after reducing δ if necessary to absorb the negligible
tail and increasing A,B.
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3.2 The quotient kernel and positivity

Let Φ ∈ C∞
c (K\G/K). Its convolution operator on L2(Γ\G)K = L2(Y ) has smooth kernel

KΦ(x, y) =
∑
γ∈Γ

Φ(g−1
x γgy), (3.20)

where x = ΓgxK and y = ΓgyK. The sum is locally finite. If Φ = β∗ ∗β, the operator is positive.
We now prove directly, without assuming that Y is compact, the inequality that isolates one
eigenfunction. Let B be right convolution by β. Its quotient kernel is

Kβ(x, y) =
∑
γ∈Γ

β(g−1
x γgy).

For fixed x, the function Kβ( cdot , x) is smooth and belongs to L2(Y ): it is supported in the
image of a fixed metric ball about x, and proper discontinuity makes the defining sum locally
finite. Unfolding the composition B∗B gives

KΦ(x, x) =
∫

Y
|Kβ(z, x)|2 dz = ∥Kβ( · , x)∥2

2. (3.21)

There is no convergence issue in the unfolding: before passing to the quotient, both convolution
factors have compact support, so for fixed x, z only finitely many deck transformations occur.

If ϕ is an L2-normalized spherical joint eigenfunction with parameter λ, spherical convolution
acts on its one-dimensional joint character by B∗ϕ = β̂(λ)ϕ. Therefore

β̂(λ)ϕ(x) = ⟨ϕ,Kβ( · , x)⟩L2(Y ).

Cauchy–Schwarz, (3.21), and Φ̂ = |β̂|2 give

Φ̂(λ)|ϕ(x)|2 ≤ KΦ(x, x). (3.22)

This Hilbert-space proof is the positive pretrace inequality. It remains valid in the presence of
continuous spectrum because it never expands the continuous part; it only uses the given L2

eigenfunction.

3.3 Automorphization and the two scales

For x = ΓgxK, automorphizing the kernel gives the exact, locally finite diagonal sum

KT,c,ϵ(x, x) =
∑
γ∈Γ

ΦT,c,ϵ(g−1
x γgx). (3.23)

The Hilbert-space argument in Equation (3.22) shows that an L2-normalized joint eigenfunction
with parameter Tc satisfies

|ϕ(x)|2 ≤ KT,c,ϵ(x, x). (3.24)

On a fixed compact subset of Y , only uniformly many terms of (3.23) occur. The identity term
is O(ϵrT q) by (3.3), and every nonidentity term is oϵ(T q) by (3.4). Hence

|ϕ(x)|2 ≤ CϵrT q + oϵ(T q).

14



Letting first T → ∞ and then ϵ ↓ 0 is the qualitative mechanism behind Theorem 1.1.
For Theorem 1.2, put R = κ log T and ϵ = R−1. The same change of variables as in (3.13)

gives the identity contribution O(T qR−r). The quantitative spherical estimate of Proposition 2.1,
inserted into the preceding construction, gives Lemma 3.2 and hence∑

γ ̸=e

|ΦT,c,R−1(g−1
x γgx)| ≪ T q−δeCRR−r.

When the injectivity radius is bounded below, orbit packing is uniform in x. Choosing κ
sufficiently small makes the last display lower order than T qR−r. Thus the logarithmic saving
comes from shrinking all r joint spectral coordinates, while regular spherical oscillation pays for
the resulting logarithmic propagation radius.

4 Proof of the theorems

4.1 Compact sets and uniformly thick quotients

We first prove the compact-local assertion in Theorem 1.1.

Proposition 4.1 (Thick-part estimate). Under the spectral hypotheses of Theorem 1.1, for
every K0 ⋐ Y ,

∥ϕj∥L∞(K0) = oK0(T q/2
j ).

Proof. Let C ⋐ a∗
reg contain all directions cj = λj/∥λj∥. Replacing Tj by ∥λj∥ changes nothing.

Fix ϵ > 0 and apply Proposition 3.1 with T = Tj , c = cj . By (3.22),

|ϕj(x)|2 ≤ ΦTj ,cj ,ϵ(e) +
∑
γ ̸=e

dX(gxK,γgxK)≤Rϵ

|ΦTj ,cj ,ϵ(g−1
x γgx)|. (4.1)

For x ∈ K0, Lemma 2.4 puts every argument in the second line in a compact subset of G \K
and bounds the number of terms uniformly. The identity term is at most CϵrT q

j by (3.3); the
remaining sum is oK0,ϵ(T q

j ) by (3.4). Therefore

lim sup
j→∞

T−q
j ∥ϕj∥2

L∞(K0) ≤ Cϵr.

Let ϵ ↓ 0. This proves the local assertion.

Thus the local assertion of Theorem 1.1 holds without any volume hypothesis.

4.2 The finite-volume expanding-cusp range

We use the coordinates and the precisely invariant cusp neighborhood from the preceding
subsection. We first make the rank-one kernel estimate explicit.

Lemma 4.2 (Rank-one peak kernel). Fix 0 < ϵ < 1. For the positive peak of Proposition 3.1 on
Hq+1,

|ΦT,c,ϵ(g)| ≤ CϵT
q(1 + TdX(gK,K))−q/2 (4.2)

whenever g belongs to its support.
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Proof. In real rank one the sole indivisible positive root has total multiplicity q. Marshall’s
estimate (2.13), applied on the fixed ball of radius Rϵ, becomes

|φs(expH)| ≤ Cϵ(1 + s∥H∥)−q/2 (s ≍ T, ∥H∥ ≤ Rϵ). (4.3)

For the peak at T , put s = T + ϵu in spherical inversion. On |u| ≤ T/(2ϵ) we have s ≍ T , so
(4.3), (2.11), and Schwartz decay give

ϵ

∫
|u|≤T/(2ϵ)

|ψ0(u)|2|φT +ϵu(expH)||c(T + ϵu)|−2 du

≤ CϵT
q(1 + T∥H∥)−q/2

∫
R

|ψ0(u)|2(1 + |u|)q du.

On |u| > T/(2ϵ) use |φs| ≤ 1, the polynomial density bound (2.9), and arbitrarily rapid decay
of ψ0. That tail is Oϵ,N (T−N ), which is absorbed by the right side of (4.2) because ∥H∥ ≤ Rϵ.
The Weyl peak at −T has the same estimate.

We sum (4.2) over nonzero parabolic translations. Only vectors with |v| ≤ Cϵy occur, by
(2.26) and the support condition. Write ΦT,c,ϵ(r) for the common value of this radial kernel on
the Cartan double coset at distance r. The number of lattice vectors in a Euclidean ball of
radius L is OΛ(1 + Lq). Vectors with 0 < |v| ≤ y/T therefore contribute Oϵ(yq): when y/T is
below the shortest lattice length the sum is empty, and otherwise their number is O((y/T )q) and
each summand is O(T q). For y/T < |v| ≤ Cϵy, use (2.27) and decompose into unit Euclidean
shells: ∑

y/T <|v|≤Cϵy

T q(1 + T |v|/y)−q/2

≤ CϵT
q/2yq/2 ∑

0<|v|≤Cϵy

|v|−q/2 ≤ Cϵ,ΛT
q/2yq. (4.4)

The last inequality follows from
∑

k≤L k
q−1−q/2 = O(1 + Lq/2). We have proved∑

0̸=v∈Λ
|ΦT,c,ϵ(d((z, y), (z + v, y)))| ≤ Cϵ(yq + T q/2yq) ≤ CϵT

q/2yq. (4.5)

By (2.28), no element outside the cusp stabilizer can occur in the kernel sum when
2 log(y/y0) > Rϵ. The complementary bounded-height portion of the cusp, together with
the compact core, is a fixed compact subset of Y and is already covered by Proposition 4.1.

Fix β < 1/2. Combining (3.3), (4.5), and positivity shows that, uniformly for y ≤ T β,

|ϕ(z, y)|2 ≤ CϵT q + CϵT
q(1/2+β) + oϵ(T q) = CϵT q + oϵ(T q). (4.6)

Here q(1/2 + β) < q, which is the strict power saving needed for the parabolic sum. Divide by
T q, first let T → ∞ with ϵ fixed, and then let ϵ ↓ 0. Together with the compact-core estimate in
Proposition 4.1, this proves (1.3) in every one of the finitely many cusps.
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4.3 Proof of the logarithmic improvement

Assume (1.4), and let ι > 0 be a uniform lower bound for the displacement of every nonidentity
deck transformation. Let δ, A,B be given by Lemma 3.2, and let hX be as in (2.23). Choose
κ > 0 so small that κ < A−1 and

κB(A+ hX) < δ

2 , (4.7)

and put R = κ log T . Positivity, Lemma 3.2, and orbit packing give, uniformly for x ∈ Y ,

|ϕ(x)|2 ≤ ΦT,c,R−1(e) +
∑
γ ̸=e

d(x,γx)≤BR

|ΦT,c,R−1(g−1
x γgx)|

≪ T q

Rr
+ ehXBRT

q−δ

Rr
eABR ≪ T q

Rr
. (4.8)

Indeed, the second term divided by T qR−r is T−δ+κB(A+hX) ≤ T−δ/2 by (4.7). Taking square
roots and using R ≍ log T proves (1.5).

Every compact quotient satisfies (1.4). A torsion-free convex cocompact real hyperbolic
group is finitely generated and has compact convex core. Its translation-length spectrum is
discrete away from zero, so ℓ0 = infγ ̸=e ℓ(γ) > 0. Since dX(x, γx) ≥ ℓ(γ) for every x, one has
injY (x) ≥ ℓ0/2 globally. This proves all assertions of Theorem 1.2.

4.4 Why the proof stops before the turning height

For completeness, we verify the Airy obstruction advertised in the introduction. It also explains
why no hidden global finite-volume claim is contained in Theorem 1.1. Define

IT (a) =
∫ ∞

a
|KiT (u)|2 du

u
.

The uniform Liouville–Green and Airy expansions for imaginary-order Bessel functions imply,
for fixed a∗ > 0 and 0 < c0 < c1 < 1,

eπT IT (a) ≍ 1 + log(T/a)
T

(a∗ ≤ a ≤ c0T ), (4.9)

eπT |KiT (T + sT 1/3)|2 ≍ T−2/3|Ai(21/3s)|2 (|s| ≤ s0), (4.10)

where s0 > 0 is fixed and sufficiently small that the displayed Airy factor has no zero. These are
direct consequences of Theorems 2.1 and 4.1 of [5]; (4.9) also follows by squaring the oscillatory
expansion on a ≤ u ≤ c1T . In that range the phase derivative with respect to log u has magnitude√
T 2 − u2 ≍ T . Nonstationary phase controls the cosine cross term, while the nonoscillatory

term is ≍ T−1 du/u; integration gives (4.9). Formula (4.10) is the turning-point scaling; at s = 0
the Airy factor is nonzero.

Now take a lattice vector m and a height y = T/(2π|m|), so that its Bessel argument is
exactly T . If 2π|m|y0 ≤ c0T , equations (4.9)–(4.10) give

|KiT (2π|m|y)|2

IT (2π|m|y0) ≍ T 1/3

1 + log(T/(2π|m|y0)) . (4.11)

The right side is larger by T 1/3, up to a logarithm, than the O(1) ratio predicted by replacing
the transition value with its oscillatory average. If the shell |2π|m|y − T | ≤ T 1/3 contains only
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finitely many lattice points, spatial lattice summation supplies no averaging that can cancel
(4.11). Weighted Cauchy–Schwarz and the Parseval identity (2.31) therefore do not imply a
global strict Sarnak bound. Additional arithmetic or geometric information on the individual
Fourier coefficients would be required. This is the precise boundary of the present method.
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